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IIpeauciosue

B sTom nmocobuu M1 06cyium psiji 1pobJieM, perenns KOTOPbhIX WLIIOCTPUPYIOT TPUMe-
HeHne 00X MeTO[0B TEOPUU JTMHEIHBIX KOTeDEeHTHBIX KOJTeOaHUi A1 OMMCAHUS TUIIOTb-
HBIX KOT€PEeHTHBIX KOJIeOAHWil HePeTATUBUCTCKOTO W HECTPYHNIUPOBAHHOTO IIYYKa MOHOB
B HAKOMHUTEILHOM KOJbIe. [Ipn yBeTndeHnn IIOTHOCTH TAKUX IMYYKOB 3aMETHYIO DOJIb
B J/INHAMUKE M KMHETUKE YaCTHUI[ MOXKET UIPATh KYJOHOBCKOE PACTAJKUBAHUE HOHOB, KO-
TOPOE 10 TeM WJIM WHBIM MPUYUHAM MPUBOIUT K HEYCTOWYMBOCTH WX KOTE€PEHTHBIX WJIN
HEKOTePEHTHBIX KOJTe0aHuii.

Mepy onacHOCTH 3THX HEYCTONYMBOCTEHl MPUHATO XapaKTepPU30BaTh TapaMeTpoM, KO-
TOPBIl HA3BIBAETCS KYJTOHOBCKUM CJIBUTOM 4YacTOTHI mydka Avy. Ero 3mauenme ompeme-
JISIETCS KaK aDCOJIIOTHAST BEJIMUNHA CJBUTA Oe3pa3MepHON 9aCcTOThI MAJIbIX OeTaTPOHHBIX
KOJIe0aHUil YaCcTHIl B MOJIAX MPOCTPAHCTBEHHOTO 3apsijia MydKa. ¥ BeJndeHne napaMerpa
AV MOXKeT COMPOBOXKIATHCSA yBEJIUIEHHEM Pa3MEpOB MydKa B ero (a3oBOM ITPOCTPaH-
CTBe, YTO OTPAHIMINBAET JOCTHAKUMYO BEJTMINHY ILIOTHOCTH HOHHOTO y4Ka. KoHKpeTHOE
NOpOTOBOe 3Ha4YeHWe AVy 3aBHCUT OT THIIA MAIIWHBI, B KOTOPOl JBUKYTCSA WOHBI, a €r0
BbIYUCICHUE OOBIYHO SIBJISIETCSI OY€Hb CJIOKHOU U MHOTOILTIAHOBO# 3aja4eit. Mbl obcyum
OTpaHWYEHUS JOCTUKUMOTO 3HAUEHUsT AV, KOTOPbIe 00YC/IOBI€HBI W3MEHEHUSIMU YCIOBUIT
YCTOWYHUBOCTH JTUTOJIBHBIX KOTEPEHTHBIX KOJIEOAHUN MydKa TMOJISIMUA €r0 MPOCTPAHCTBEH-
HOTO 3aps/a.

B rekcre mocobus [1], a Takxke B kHurax [2| u [3| u3ydeHme STHX BOIPOCOB BOOOIIE
HUKAK He OTpaxKeHo. MexKIy TeMm, OHO SBJSIETCS BAaXKHON 3a/1adeil TEOPUU KOT€PEHTHBIX
KOJ1e0aHUil MOHHBIX MyYKOB B HAKOIUTE/IsIX. [[09TOMYy O3HAKOMJIEHHWE CTYJIEHTOB C ITOM
IrpaHbio (PU3UKHU MYIKOB B HAKOMUTEJISAX CYIIECTBEHHO PACITUPUAT UX KPYTO30D U BOZMOZK-
HOCTHY IJTAHUPOBAHUS TTOJE3HBIX H3MEPEHUil ¢ MyIKaMH, a TaKKe MPOeKTUPOBAHNUS HOBBIX
MarmruH. Onucanme COBPEMEHHOTO COCTOSHUS OOJIBIIUHCTBA W3 3TUX HMPODJIEM PaccesHo
10 YKYPHAJIBHBIM CTAThIM U JOKJIAJaM Ha YCKOPUTEJbHBIX KoH(pepeHnuax. Marepuassr,
BKJIIOUEHHBIE B TI0COOME, CYMIECTBEHHO PACIIUPSIOT JOCTYIHYIO CTYJ€HTAM U HAy4IHBIM
COTPYAHUKAM JIUTEPATYPY O BJIUSHUU TOJIEHl TPOCTPAHCTBEHHOIO 3apsijia MydKa Ha ero
napaMeTphl.



I'maBa 1

BBosnbie 3aMedyaHus 1 onpeaeseHnd

Kak yke roBopmioch, Mepy OHMACHOCTH HEYCTONYIMBOCTel MOHHBIX IYYKOB M3-3a KY-
JIOHOBCKOI'O PACTAJKUBAHUS YAaCTUI IPUHATO XapPaKTE€PU30BATh BEJIMUMHON KYJIOHOBCKOI'O
casura dactorsl mydka Avy. Konkperunsaiys 3¢pdekToB OTBETCTBEHHBIX 33 yCTAHOBJIEHHUE
TOrO WJIM WHOTO 3HAYEHUs] MOPOTOBOTO 3HAYEeHUs AV NPEJICTABISETCS OYeHb 3aMaHYU-
BOil. Eciu yjaeTcss yCTaHOBUTH IVIABHYIO NMPUIYNHY OIDAHUYEHNs WHTEHCUBHOCTH IIYUKa,
TO OTKPBIBAETCS BO3MOYKHOCTH YCTPAHEHUS WU CYIIECTBEHHOTO OCJIa0IeHUs KOHKPETHO-
ro Mexanusma Heycroituupocru. I1oromy paszjinuHbie HOUBITKA BbIYUC/IEHUS 1IOPOI'OBOIO
3HaveHus Avy npejaipuHuMaloTcs mocrogano. Haunbosiee paciupocTpaneHHBIMU TPUYHHA-
MU OrpaHudeHnsi Avy CUYuTaIoTCs HEyCTONYNBOCTH KOI€OAHUI JaCTHI] Iy dKa IIPU TPUOIu-
JKEHWH 9acTOT KOTeOaHUil K Pe30HAHCHBIM 3HAYEHUSIM.

Bwmecte ¢ TeMm, emé olHIM U3 MeXaHU3MOB OTDAHUYEHUS JOCTUKUMBIX 3HAUYeHU AVy,
MOZKET SBJISIThCS HApylIEHUe YCJIOBUU yCTOMYMBOCTH KOI'€PEHTHbIX KOJIeDaHuil 1ydKa n3-
3a €ro B3aMMOJEHCTBUS C OKPYZKAIOMMME 3/1eKTpogaMu. OObBIYHO CIUTAETCsI, 9TO HAMOO-
Jiee CUJIBHO C OKPYZKAIOMUMHE 3JIEKTPOJaMU B3aUMOJIEHCTBYIOT JIUTIOJIBHBIE KOT€PEHTHbIe
Kosebanud mydka. K Tomy ke, B oTsimdme OT APYrUX MOJ, JUIOJIbHBIE KOTeOaHms Hanbo-
Jiee TIPOCTO HADJIIOIAIOTCS ¢ MOMOIIBI0 YCTAHOBAEHHBIX BIOJb 3aMKHYTO# OPOUTHI MydKa
MUKAIT-3JIEKTPO/IOB.

B nakonwuresisix ¢ ujieajbHO, JUHEHHON (POKYCUPOBKON JUIIOJIbHbIE KOI€PEHTHBIE KO-
JiebaHus mydKa BOOOIE He CBA3aHbI C MOJISIMU €0 ITPOCTPAHCTBEHHOTO 3apsijia. [Tosromy,
HECMOTPS HAa CYIIECTBEHHO HeJIMHeiiHble 3aBUCUMOCTH I10JIeil TPOCTPAHCTBEHHOTO 3aps/ia
my4YKa OT KOODJWHAT MOHOB, 3TU TOJIS HUKAK He CKA3bIBAIOTCS HA XapaKTepe DAa3BUTHUSI
JIUTIOTTBHBIX KOTePEHTHBIX KosaeOanmii mydka. [IpaBia, B TaKHX yCJIOBUAX B3amMO/IeiiCTBIE
KOI€PEHTHBIX KOJIeOaHUil 1ydyKa C JIMCCUIIATUBHBIMU OKPYZKAIONIMMU JIEKTPOJIAMU ITPU-
BOJIUT K I100aIbHON HeycToluYnBOCTH KOJiebanuii mydka. [Toporosbie TOKM 1mydKa B HaKO-
nuTese ¢ Takoit (pOKyCHPOBKON PABHBI HYJIIO.

Jlnsa obecnieyenns (pyHKIHMOHUPOBAHUSA MOJTOOHBIX YCTAHOBOK B HUX JIOJI2KEH OBITH 3a-
JIeiCTBOBAH TOT WU WHOI MEXaHW3M IMOIaBIeHUs KOTePEeHTHLIX Komebanuit mydyka. Takas
BO3MOZKHOCTb HOSIBJIS€TCs, HAIPUMED, B MAIlIMHAX ¢ peaJsibHOI (DOKYCUPOBKOIl, B KOTOPbHIX
4aCTOThI KOJIeOAHUI YaCTUIL 3aBUCAT OT aMILIMTY/I UX KoJjiebanuii uan ot ux suepruii. [To-
MHMO TIPOYEr0, 3TH OCOOEHHOCTHU JIBUKEHUS YaCTHIL BJIOJIb 3AMKHYTON OPOUTHI CBIA3BIBAIOT
HEKOTepeHTHBbIe H KOTepeHTHble KoJiebaHusd B mydke. B wacTHOCTH, oOecriednBaeTcs BJIU-
dHUe MoJeil TPOCTPAHCTBEHHOTO 3apsAa MyvKa Ha 3aTyXaHue Jlanjgay u, ciemoBaTebHO,
HA YCTOMYUBOCTDH €r0 JIMIIOJIbHBIX KOI'epeHTHbIX KoJiebanuii. Kpome onpejiejienust ycJio-



BUIl yCTORYMBOCTH KOI'€PEHTHBIX KOJIeOAHUE U yCTAHOBJIEHUSI COOTBETCTBYIOIIUX OPOIO-
BbIX 3HAUYE€HU# KYJIOHOBCKOI'O CJIBUT'A YaCTOTHI IIy4YKa, B U3MEPEHUIX C TAaKUMHU IIyUKAMHU
MOSIBJISIETCS BO3MOXKHOCTH HEIOCPEJCTBEHHOTO U3MEPEHUsS BEJUYUHBl AV MOCPEICTBOM
HAOJIIO/IEHHS CIIEKTPOB UX JIMIOJIBHBIX KOIePEeHTHBIX KosieOaHuil u (h1yKTyaIuii.

1.1. BoamymieHns kojged0aHUT NOHOB IOJSIMU
IMIPOCTPAHCTBEHHOTO 3apgaaa ILy4Ka

JlocTuzKuMbIe TIJIOTHOCTHU ITYYKOB B YCKOPUTEJISIX M HAKOTUTE/ISX 3aPSIKEHHBIX JaCTHI]
MOTYT OT'PAHUYUBATHCA KYJTOHOBCKAM OTTAJTKUBAHMEM OJHOUMEHHO 3aPAZKEHHBIX YaCTHUI]
nyuka. [lo mpuHATONH TEPMUHOIOIUU ITOT KPYT ABAECHUN HA3BIBAIOT dhdEKTaMu MTpo-
CTPAHCTBEHHOTO 3apsja mydka. OQOBIYHO TaKuWe OrpaHWYeHHs] OOCYKIAIOTCSI B CBIA3U C
Iy YKaMH TsIKeJbIX 9acTull (HOHOB), SHEPIUH YACTHI[ B KOTOPBIX JAJIEKU OT YJIbTPapesisi-
TUBHCTCKUX obOJsiacteil. I3 Bcero MHOrooOpa3usi Takux sBJIEHUNR MbI OOCY/IMM JIUITH HEKO-
TOpBIe, OTPAHIYHBAONTNE BO3MOYKHOCTH TOJTYYeHUS IJIOTHBIX MYYKOB B MUKJIAYECKAX Ma-
ITIHAX 33 CYeT HeYCTOWYMBOCTH MOMEPEeYHbIX KOJIeOaHU!l JaCTHII.

Huzxke MBI ipeinosiaraeM, 9To OCHOBHBIE OTPAHUYEHUS HA TOCTUKIMOE 3HAYEHHE TLI0T-
HOCTH I1y4YKa CBA3aHbl C KYJJOHOBCKUM B3auMo/jieiicTBueM dactull. Ecjm cpejass CKopocThb
JIBUZKEHUS YaCTHUIL IIy9Ka BJIOJIb 3aMKHYTOl OpOUTHI paBHa v,  0003HAYAET OTKJ/IOHEHUE
YACTUIBI OT 3aMKHYTO{l OPOUTHI B TOPU3OHTAJIHLHOM, & Y — B BEPTUKAJIHLHOM HAITPABJICHU-
gIX, TO BO3MYIIEeHNS 6eTATPOHHBIX KOJIEOAHUI YaCTHUI CUJTAMH ITPOCTPAHCTBEHHOTO 3apsa
MyYKa OMUCBIBAIOTCS CUION

Fa:—%g—g, a=uzy. (1.1)

Buech v = 1/4/1 —v%/c? — penstuBucrckuii paxTop gacTuupl, v — ee CKOpocThb. [Toss-
senue B dopmyiie (1.1) muoxkurens 1/y? onuceiBaeT 4acTHUHYIO KOMIIEHCAIIUIO KYJIOHOB-
CKOIO OTTAJIKUBAHUA YACTUIL[ Iy4Ka MPUTAKEHUEM COBMECTHO JIABUKYIIUXCS TOKOB 9TUX
vacruil. Ecau N — 9ucio 9acTuIl B Iy ke, a e — 3apsiji noHa, 7o Bxojgmas B (1.1) dyukims
U ynoBieTBOpSIeT ypaBHEHUIO

o o 1 6

72+ 07 Pos U = —4nNe’o(x, y)p(z) (1.2)
C COOTBETCTBYIOIINMU T'DAHUYHBIMU YCJIOBHSAME Ha MOBEPXHOCTU BAKYYMHOI KaMepbl. B
9TOM YpaBHEHUH Z = § — v, S — IIyTh UPOiiJeHHbIIl YacTHIeil B10Ib 3aMKHYTON OPOUTHI K
MOMEHTY BpeMeHu ¢, a p(z) — quHelHas MIOTHOCTD YacTHIl B myuke. Ecau [ — xapakrep-
HBI{l OMEepPeYHbIil pa3Mep BaKyyMHO# KaMmepsbl, a [~ XapakTepHbIii MaciiTab u3MeHeHust
0JIsI TIy9YKa BJOJb 3aMKHYTOIl OpPOUTBI, TO MPOU3BOAHBIE B ypaBHenuu (1.2) mo npsiaky
BeJINYUHBI OLICHUBAIOTCH OTHOLICHUSIMU

ou U ou U

oy 1 0s 1

OOBIYHO TPE/IIOIATAIOT, YTO B TUIIMYHON 00JIACTH TApAMETPOB IYYKa W HAKOMUTEIS BbI-
nosiHeHo cootHomenue || < Yl;. Torga npu pemmennu ypasuenus (1.2) MoKHO npeHeGpedb
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KPUBHU3HOM TPACKTOPUH, & TaKzKe, IJIe 9TO He DECCMbICJIEHHO, OTHECTH I'PAHUYHbBIE YCJI0-
BHSI BBIYHMCJICHUS T0JIeil TydYKa Ha OeCKOHeYHOCTh. [IpuHSB, 4TO pacupejeienne 4acTuIl
10 MONEPEYHbIM KOOPJAUHATAM I'ayCCOBO C IIUPUHAMU O, U Oy, IPUXOJUM K BbIPAZKEHUIO

dk dk, u,u
U(r) = Ne? /M) 1.3
() = Neto(e) [ T (1.3

rae u, = exp (ik,x — k202/2), a u, = exp (ikyy — k202/2). Dru dbopmyasr 1a0T 3HA-
YeHUsl CUJI BO3MYLIEHUS KOJIEOAHUN 4YaCTull IydKa B IPUO/IMIKEHUH JIOKAJbHBIX HOJIEi.
N3 obmux cooOparkenwuil siCHO, 4TO MPH YIaJ€HUH OT HEHTPa Iy4YKa KOMIIOHEHTbI CHJIbl B
dbopwmyste (1.1) cravana yseanansatorcs. Hanpumep, B obactu, riae & < 0y, 9TO MPOUCXO-
JIAT TI0 JIMHEHHOMY 3aKOHY. BHe myuka KOMIOHEHTHI F, yMEHBIIAITC IPONOPIHOHAIBHO
1/+/2? + y2. TlosTomy cuiibl o€l IPOCTPAHCTBEHHOTO 3apsijia Iy YKa CyIEeCTBEHHO HEeJIU-
HEHHO 3aBUCAT OT KOOPAMHAT YACTHIL,.

1.1.1. KysoHoBcKkuii CABUT YaCTOTHI

B makommureste ¢ kecTKoit (pOKyCHPOBKOIi IOMepevIHbIe KOTeOaHusl HOHOB OTHOCHTETLHO
3aMKHYTOI OpOUTHI OMUCHIBAIOTCS (POPMYTaMU

€T = '\/(]m[_))x(s) cos Y, + n(s)%a

B Ap Ap Jo .
=" (x—n(s)— ) +1(s)— — /== siny,,
2P ()p ()p o

y =/ JyBy(s)cosyy,, ¥ = ﬁ - %sinwy, (1.4)
1= o (o= n2) e (v w92 - B [omnio 2] )

p 2B

2 / 2
Y / By Jryp APy 1
Jy = > + B (y T ap ) ) [1‘, = ’ = .
Y Yy ! 2By ! 2 ds Bry(s)

3uech Pgy(s) — P-bynxkuuu Gerarponnsix kosebauuii yacruu, [, — uepeMenssie Jeii-
cTBHE, & ), , — (asbl TOPU3OHTAJIBHBIX U BEPTUKAJIBHBIX KOJIeOaHmit, 1) — IUCIIePCHOHHAA
bYHKIMS KOJIbIIA, S — TEKYIIee PACCTOsIHUE BJIOJIbL 3aMKHYTONH OPOUTHI, MITPUX O3HATAET
pou3BoHY0 10 S. Popmyuibl (1.4) OCYIIECTBISIOT KAHOHUYECKOE TIPe0dPa30BaHue OT Ie-
PeMeHHBIX T, P, = pxr’ U Yy, py, = py’ K HepeMeHHBIM JeficTBue — (ra3a HeBO3MYIIEHHBIX
Konebanuit, p = yMv — UMIYIbC CHHXPOHHON YACTHIIHI.

OCHOBHbIe OorpaHnvieHud MHTEHCUBHOCTHU IIy4YKa IOJIAMHU IIPOCTPAHCTBEHHOI'O 3apdia
B IUKJINYECKHUX MalllMHAX CBA3aHBI C HeJINHEHHBIMU 3aBUCUMOCTSIMHU 3TUX IOJIER OT OT-
KJIOHEHHH JacTUIBI OT 3aMKHYTOI OpOUTHI. B dacTHOCTH, 9TO MPHUBOIUT K 3aBUCHMOCTH
OeTaTpPOHHBIX (PYHKIMIT U YacCTOT KOJI€OAHWI YACTUIL OT aMILIUTYJ uX Kosebauuii. 1o
9TOi TPUYINHE SMUTTAHC MYYKA M AKIEITAHC KOJIbIA MOTYT OBITH COTJTACOBAHBI JIUIID 1T
KAKO-TO OJIHON aMILIUTYIbI WJIH, BO3MOXKHO, JIJIsi HEKOTOPOIT 00/IacTH aMILIATY/I KoJieba-
Huii. Mbl TpuBejieM HECKOJIBKO MPUMEPOB BLIYUC/ICHUS U3MEHEHUN 4acToOT OeTaTPOHHBIX



KOJ1Ie0aHMil MFOHOB LOJISIMK IPOCTPAHCTBEHHOI0 3apsiia 1y uka. Cpeu npouero, rakue pop-
MyJIbI OyJyT HaM HOJIE3HBI JJId aHaau3a 0coOeHHOCTeil 3aryxanud Jlanaay monepednbix
KOTePeHTHBIX KOJeOAHWH HHTEHCHBHBIX HOHHBIX MYYKOB.

Ucnonb3yst dbopmynbr (1.1) u (1.3), Haiigem, 9r0 B MepBOM NPHUOJUZKEHHH METO/a
YCPeJHEeHHA CJIBUAT 9aCTOTHI, HAIIPUMeD FOPH30HTAIBHBIX OeTATPOHHLIX KOJIeOaHuil, ompe-
JIeJISIeTCsl BhIpakenneM (Hampumep, B [4])

2R0 8U00 . 2R0 N€2p(2>
pv 0J,  pv P

o(kpaz) Jo(kyay,) exp (

Av, =

(1.5)
ds

22 252
koz + k:yoy)
— )

8J

3nech Jp(x) — dyuxkuun Beccena mopsaka m, dg, = +/JyyPey — AMIUIITYABI TOpH-
30HTAJBHBIX WM BEPTUKAJIBHBIX OETATPOHHBIX KoJebaHuit gactur, 2wty — mepumerp 3a-
MKHYTOU opbutThl. Huzke, jiisi HpOCTOTHI, Mbl IPEJIIIOJIOKUAM, 9TO PA3dpPOC MMIIYJIbCOB B
IIy4Ke HaCTOJIbKO MaJi, 4YTO B Ka)K,ZLOI'?'I TOYKE 3aMKHyTOI'71 Op6I/ITbI BBIIIOJIHAETCA COOTHOIIIEC-
e ye, > 0202, rie €, — FOPH3OHTAIBHBI SMHTTAHC, a O, — OTHOCHTEIBHBI Pazbpoc
UMITYJIBCOB ITyJKAa.

Boraucaum cnagana Av,, npundgs, 4to [, = 0. Ilcnoabsya cooTnomieHne

0 /T . kx ﬁz /

k202
></ dky ko1 (ke J2Pz) exp( g””)
*  dk, ky0,

X —_— — )

/oo Rz + k) ( 2

[ToscraBuB B 9TO BhIparKeHue 0§’y = €pyPay 1 T = kg JoPs, moayanm
Av, — 4R0Ne p(z / ds /
Tpuy? (1+ u2

x/o dady(x )exp( E{%—!—uzeygﬂ) (1.6)

Bxogstinuii B 970 BhIpazKeHHe HHTEIPAJI 110 T BBIYUCISETCSI, HCIIOJIb3Ys Pa3jiokenne (yHK-
un Beccens Ji(x) B psa o crenensm

UIIIEM

Ji(x) = EZ 1)

2 £ PREI(k + 1)!



[Tosromy nuirem

_ —aac _ OO 2k+1 _—ax?
S—/O dzJy(x Z22k+1k‘ +1)/ dxz™" e

—i > /mdttke“t—ii—l -1 k
e 22k+2k'(k; +1)! Cda 4~ (k+1)! \ da

nJjin

[ToxcraBuB 510 Bhipazkenue B dhopmyay (1.6), Haxomum

2 n
Av, — — 2RyNe? p(z) / ds
0

el (1.8)

2 [ du J:Pe

Bxojisiinie B 910 Bbhipazkenue OeTaTpoOHHBbIE (DYHKIIMHU, B CBOIO OY€pPe/ib, JIOJIZKHBI BbIYUC-
JIATBCA C yI4€TOM BOSMyH_[eHI/Iﬁ KOJ'Ie6aHI/II71 qacCTUul MOJAMHA MTPOCTPAHCTBEHHOI'O 3apd/ia.
CooTBeTcTBYIONINE M3MEeHEeHHsT OCOOEHHO BeJUKN BOJIM3U TPAHUI] OOJACTH YCTONIHBOCTH
Kosiebanuii. Cunras, 4To padovas TOUKa I10 YacTOTaM KoJieDaHWil YacTUIl He MpUOIMKeHa,
K 9TUM T'PAHUIAM, MBI He OyIeM 3/1eCh 00CYZK/IaTh 3TOT BOIIPOC.

Dopmyaa (1.8) yupomaercss B JBYX BakKHBIX CIydasxX. Tak, /Ui IUIOCKHX IIy9KOB
(0, > 0,) MBI MOXKeM MOJIOKUTH B Heil €, = 0. B 9T0M corydae Bbrumcienue maTerpa-

JIa IO U JaeT
2 [ du JPe
R/O (1 +u?) P <_2 [02 + u?0?] )
Jo\2 [ du i
~ exp (—g) E/o —(1 +u2) = exp <_26x)

Ne*TIp(0)
AV, = —————= 1.10
vE 2npuy3e, (1.10)

1, CJeJI0BATETbHO,

Sﬂer Mbl BB€JIX BEJIMYUHY

KOTOpas paBHa (¢ OOPATHBIM 3HAKOM) CABHTY Ge3pa3MepHON YacTOThl MAJBIX GETaTpOH-
HBIX KOJIe0aHU CHHXPOHHON JacTunpl. B orcyTcTBUe ApyTrux Bo3MyIneHuil Beauanaa Avy,
MOMWMO CJBUTOB YaCTOT, OTPE/IETISIET MOIIHOCTH PE30HAHCOB KOJIEOAHUI JAaCTHIL, 0OYCIOB-
JIEHHBIX TIOJISIMU MPOCTPAHCTBEHHOTO 3apsiya. Ona urpaer pyH aMeHTAJIbHYIO POJIb HPU
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onucanun 3hOEKTOB HPOCTPAHCTBEHHOIO 3aPsi/ia 1 HOCUT HA3BAHUE KYJIOHOBCKOT'O CJIBU-
ra gacrorbl. OTMeTuM, 9TO TPU 3aaHHON BeJTMYMHE HSMUTTAHCA MydKa 3HadeHue Avp
YMEHBINAeTCA ¢ POCTOM 3Hepruu 4acTull nponopiuuonansuo 1/(y?(v/c)?). Tlo sroit npu-
quHe OBICTPOE YCKOPEHUe YaCTHUIl M03BOJISET OCTa0UTh OrpaHUYeHIsT HHTEHCUBHOCTH 11y d-
Ka, O0sSI3aHHBIE BJIMAHUIO MOJIeH ero MPOCTPAHCTBEHHOTO 3apsijia.

JIpyroii BayKHBIN Caydaii, KOrjJa BeIYUCICHHE TPaBoii YacTh Bbipaykerus B (1.8) yaa-
eTCsl yIPOCTHTD, PEATH3YETCs JJIst Iy9KOB ¢ KPYIVIBIM IIOHEPEYHBIM cedeHneM (0, = Oy).
st 3Toit obacTu mMapaMeTpoB IHUIIEM

_ 2RgNe*p(z) [Mds

o 2 [ b du o JxBx(s)
Als) = E/O &xp (_1 —|—u2> 14 u?’ b= 02(s)

NN, UCTOJb3Y4 MOACTAHOBKY U = tana,

rme

A== /2 exp (—bcos® a) da
0
= e_b/2/ exp <—gcos (oc)) dga = e7Y21,(b/2).
0

Baech Ip(x) — byuknus Beccens nopsaaka 0 or MaHuMOoro aprymenra. [1ojc¢TaBus 310 Bbl-
paxkenne B (1.11), nosy4aaem

Av, = —AVL%QJ—E:/O %[1 — 7214 (b/2)]. (1.12)

JIist 9acTui ¢ MaJbMi aMILUTATYIaMi GeTaTpOHHBIX Kostebanuii Boipazkenue (1.8) 3a-
MKUCHIBAETCH B BUJIE

_ P [Mds  ou(s)
AVQ;(O)— A Lp(())/o HGx(S)‘FO-y(S)'

Ecmu €, = ¢, = €, a doxycuposka Mammuubl coctapieHa u3 POJIO-g4ueek, To BIOIDb
opbutsl cymma 3, + f3, npumepHo nocroguua. Ilostomy numry

) Ay P Be(s)
Al = A O Bt < By 2 (113

a BeJIMIUHY AV OIpPeJessioT coracHo (opmyie

Ne’Tip(0)
Avp = ——. 1.14
VI 4dmtpuy2e (1.14)

JloBOIbHO YacToO B TakKuxX (hopMysTax BMECTO CPeJIHEKBAIPATUUHBIX IOMEPEUHBIX pasmMe-
POB IyYKa MOJCTABJISIOT UX HMPHHBL (d), cauTasi, HAIPUMEDP, YTO IJIOTHOCTH I1yYKa B
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BEPTUKAILHOM M PaJIHalbHOM HAIPABICHUSAX MOCTOsHHBI. Toria, nockoabky d? =~ 202,
dbopmymna (1.14) moxer ObITH 3anuCaHa B BUJIE

N62Hp(0)[3_L.

Av; =
Vi 2npuy?d?

(1.15)
Benuuunsl caBuroB 4acToT KomebaHWil YacTUIl 38 CYET UX BO3IMYTIEHHI MOJISIMU TPO-
CTPAHCTBEHHOI'O 3apsi/ia CTPEMSITCH K HYJIIO IPU HEOI'DAHMYEHHOM YBeJIMYEeHUU aMILIUTY/L
kosebaunnit (1,, — o00). Ilosromy, Hampumep, dacToThl GETATPOHHBIX KosebaHUil BCex
TACTHI] MyIKa HA IJIOCKOCTH (Vy,V,) DPACIOIOXKEHBI B 00JACTH, TPAHUIBI KOTOPOIl ompe-
JIEeJISI0TCS HePAaBEHCTBOM
—Avy, <Av,,(J,, Jy) <0.

[To npuHATON# TEPMUHOJOIHH, Ta 00JACTH HA3BIBAETCS CJIEJOM Iy9Ka HA IUIOCKOCTH
(Vz,Vy). Ecam nemmmeitnocrs GeTaTpOHHBIX KOJI€OAHUIT 9aCTUIl ONPEAETIAeTCS HCKIIIOTH-
TeJIbHO HeJMHEHHBIMI 3aBUCHMOCTSIMH TI0JIel MTPOCTPAHCTBEHHOTO 3apsijia MydYKa OT MO-
IIePEYHBIX KOODIMHAT YACTHI], TO ISl BHIYHCJICHHS CIea MydIKa HA MIOCKOCTH (Vi,Vy),
oMuMO AV, (J,, 0), TpeGyercs Berancaenne ¢Buros dacror Av, (0, J, ), a takzxke Av,(J,,0)
u Av, (0, J,). Coruacuo ypasuenuto (1.5) Besmauna Av,(0, J,) pasua

2R0 Ne p
A —
VO =, / Bx/ I+ u2)

oo k*[u*0? + o]
X / dkkJy(ka,) exp f .
0

NuTterpan mo k B 9TOM BbIparKeHUU BBIYUC/ISETCH C HCIOJIb30BaHIEM (DOPMYJIBI

/00 kJo(ka)e V2 dk = lexp _a_2
, 0 b 22 )

Pesyabrar 3anucwiBaercs B Buje

2Ry Ne2p(z) [Mds
Av,(0.0,) = -2 R [T (s (L15)

0o u2 ag
8 /0 (1+u?) (u?02 + 02) ST (u?0? 4 02)

ITpocreie Boipazkenust st Av, (0, J,) mosydarorcst Jyist Iy4KOB C IJIOCKHM [OIEPEYHbIM
cedenneM (0, < 0,) W JJIs MyYKOB ¢ KPYIVIBIM TOHEPEIHBIM cedenueM (0, = 0, = 0). B
nepBoM ciydae (0, < 0,) B HHTErpaJje mo u mojaraeM o, = 0 i m03TOMY NHUIIEeM

2Ry Ne2p(z) (Mds * du a
Av, (0, ) = 20 X P [T a8 e M ep (- ).
Ve (0, y) mpy  y2o2 /0 H[3 (S)/O 112 P\ 722
IHTerpupoBanme Mo U BHITOIHAETCS ¢ HCTIOIb30BaHIeM (DOPMYI
/ > 1 a’ p / < 1 du
— X _—— u = —— X
o 1+ u? Pl o Ll+1/u? P u2 u?

< 1 2
= / ——exp (—a’u®) du = ge“ (1 —erf(a)),
0

1+ u?
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rie

2 T
erf(x) = ﬁ/ e Udt
0

— wHTerpas BepodaTHocTu. [ToaToMy Jj1st IJIOCKOTO TyYKa MOJIyYaeM

RoNep(z) [Mds a;
A ~ — — .
v (0, Jy) o Y202 /0 I Bz (s) exp 202 (1.17)

a
x |1 —erf Y .
(Gx\/?)

Jlutst mydKa ¢ KPYIJIbIM TOIIEPEeYHBbIM CeYEeHUEeM HUIIeM

Ry Ne?p(z) [Mds 2
AV:E (0, Jy> = — ZPTUW / ﬁﬁm(5>€ /2 (118)
a? a? JyB
Iy [ — L[ = el
ol ) Thilg ) 202

U3 3rux BhIpakeHWil BUIHO, UTO 1PU GOJIBIIMX AMILIATY/IAX BEPTHKAJILHBIX KOJIeOaHuUil
seauanna Av, (0, J,) yMeHbIaeTcst IPOMOPINOHAILHO 1/\/J_y

Pezonancubie BO3MyIIeHHsI, TACTOTHI KOTOPBIX MOMAIAI0T B 00JACTH CJIefa My dIKa, Oy-
JIyT YBEJTHINBATD aMILTATYIbI KOJTEOAHUIT TaCTUI. DTO MOZKET COMPOBOKIATHCS KaK yBe-
JIMYEHUEM PA3MEPOB I1yUKa, TAK U YMEHbIIEHUEM YUCJIa YACTHll B Iy dKe. Bo Besgkom ciiy-
4ae, MOIHOCTU TAKUX PE3OHAHCOB CJIEYeT HOJABJIAT.

B crpynnupoBaHHOM Iy YKe KYJIOHOBCKHE CJIBUI'H YaCTOT GETATPOHHBIX KOJIe0aHUil CHH-
XPOHHBIX U HECHHXPOHHBIX YACTHUI MYIKA PA3JIAIHBL. ITO MPUBOIUT K MOLYJIAINNH CIBHU-
rOB 9acTOT OETATPOHHBIX KOJIeOAHWN CHHXPOTPOHHBIMU KosebaHusamu dactur,. [losromy
CTAHOBUTCSI BO3MOYKHBIM MHOTOKPATHOE MPOXOXKIEHNE YACTUIAMH PE30HAHCOB WM BO3-
OyzKJieHre CUHXPOOETATPOHHBIX PE30HAHCOB.

1.1.2. Pe3oHaHCHI 3a cUeT MoJieii MPOCTPAHCTBEHHOTO 3apd/1a

Moytyiisitist pa3MepoB IydKa [IPU €10 JBUKEHUH BJIOJIb OPOUTHI MOYKET BbI3bIBATH Pe-
30HaHCHBI€ BO3MYIIECHUA KOIIe6aHI/II71 HJacCTul HOoJIAMU IIPOCTPAHCTBEHHOI'O 3apsd/da IIyYKa.
[TockoJsibKy caBuru 4acTor O6eTaTpPOHHBIX KOJebaHuil JacTHll 3a cUeT moJjeil mpocTpaH-
CTBEHHOT'O 3aps/ia OTPUIATETbHBI, TOJOKEeHNEe TAKAX Pe30HAHCOB Ha pabodeil KIeTKe da-
CTOT OTJIMYAETCS OT TOJOKEHWIl MAIMUHHBIX pe30HaHcoB. Tak, MId OJHOMEDHBLIX OeTa-
TPOHHBIX KOJIEOAHU YCIOBUE PEe30HAHCA

AVJ_(JI,JZ) = % — V]

BBIIOTHSETCS JUTsl 4ACTOT V|, PACHOTOKEHHBIX BbIIIE TUHUM MALIMHHOIO Pe30HAHCA 1L/M.
B cuty cuvmMerpun mosteit IpOCTPAHCTBEHHOTO 3apsijia Iy YKa U 10 aHAJIOIHHU ¢ HeyCTOHIH-
BOCTBIO BCTPEUHBIX IMYYKOB (HAIpUMeD, B [5]) MOXKHO ObLIO OB 0XKIIATH, YTO B MAIITHHAX
¢ GOJIBIINM IIPOCTPAHCTBEHHBIM 3aPsI0M Iy KA [IPeIOYTUTEbHbIEe 3HAUeHNS JacTOT Oe-
TATPOHHBIX KOJeOAHUil 9acTuI OyIyT pacHoIaraTbCs HEeMOCPeICTBEHHO HIUZKe JTHHHIT pe-
30HAHCOB KOJIBIIA YeTHOTO mopsaka (m = 2k, rae k — mesnoe aucio). Mexay TeM 310 He
BCEI/Ia TaK.
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JLst yIpoIeHHol mLIIOCTPAIUA 3TOT0 YTBEDPKJICHUST PACCMOTPUM CJIydail OJHOMEep-
HbIX OeTaTpOoHHbIX KojieOanuit dyactuil. IlycTb, Hanpumep, dacruna kosebjiercss B ropu-
30HTAJILHON T10cKOCTU. Tor/ia B TIepBOM NPUOJIMZKEHUNM METOJIa YCPEIHEHUsT MOITHOCTU
PE30HAHCOB M3-3a MOJIell TPOCTPAHCTBEHHOTO 3apsa ONMpeIeIdiOTCd TapMOHUKAMA

4Ry Ne? Td
ﬁ%{z) /o ﬁs exp(tmy,(0) — imv,0 + in0)

*© du dk ikn(s)d  K*[o2 + uQOZ]
X /o oo / ’ — I (k) exp NaA 27, : (1.19)

Baeck 0 = s/ Ry, a & = Ap/p. llockonbKy Beipaxkenue ), (0)—imv,0 asisiercs nepuoanye-
ckoii dyukmueit 0, B dbopmyse (1.19) sicHo BUIHBI Be BayKHbIe OCOOEHHOCTH PE30HAHCOB
n3-3a CHJI IIPOCTPAHCTBEHHOTO 3apsna. Bo-mepsbix, rapmMoHuKnd U,,, OTJHYHBI OT HY/Is
JINIB OJarogapss MOIYJIANASIM OeTaTPOHHBIX (YHKIUN BIOIbL OpOUTHI HakomuTess. [lo-
9TOMY, HAIIPUMED, B MAIIUHAX C KPYTOBBIMH OPOMTAMU TOJIA POCTPAHCTBEHHOIO 3apsiia
He BBI3BIBAIOT PE30HAHCHBIX BOo3MyIneHuii. Hapsiay ¢ stum, Gosee miaBHast pacupee/ieH-
HOCTH BO3MYIIEHUS KOJTe0aHMIi YaCTUI] CHJIAMHI IPOCTPAHCTBEHHOI'O 3apsiia BIOJIb OPOUTHI
IPUBOIUT K GoJIee OBICTPOMY YMEHBIIIEHUIO BEJTMIHH PE3OHAHCHBIX rapMOHUK |Upy,| ¢ yBe-
JTMYEHUEeM UX HOMEPOB (M) MO CPABHEHUIO C TeM, KaK 9TO ObLI0, HanpuMmep, 11 3¢ dekTon
BCTPEYN.

Umn(Jx) =

Bo-BTopbixX, B MUKINYECKUX YCKOPUTESX U HAKOIHUTENSAX 3aPAKEHHBIX YaCTHUIL JIUC-
nepcroHHass MYHKIWS KOJIhIIA BO MHOTHX OOJIACTSX 3aMKHYTOH OpOMTHI He paBHA HYJIIO.
[To 3Toit MpuvnHe WOJIs, MelCTBYIONNE Ha HECUHXPOHHbIE JACTHIIBI, He 00JIAJAi0T OIpe-
JIeJIEHHOI CHMMeTpHell OTHOCHTETBHO CMeHbI 3Haka T, = x — NO. JI1g Takux dacTury
rapMOHUKY U, OTJIMYHBI OT HYyJI KaK [PU YE€THBIX, TAK W IPU HEYETHBIX 3HAYCHUIX
m. DTO BJBOE PACHIMPSET CeMeHCTBO ONACHBIX PE30HAHCOB 110 CPABHEHUIO CO CJIydaeM
HeyCTOMYNBOCTH BCTPEYHBIX My4YKOB. Boraucanm, nanpnmep, U ,,. IIpennonaras o, = 0 n
Ind| < o, cormacuo ypasuenuio (1.19) murrem

4Ry Ne*p(z) / ds o M(S)
Uy n(Jy) ~ id [ el 2L
1n(Jz) = PV B
&0 k2e,
x/ dkJy(k)exp | —
0

2J,

Bocnosbzosasmmch dbopmyaamu (1.7) u (1.9), OKOHYATENTBHO TOJTY IHM

Uin(Jy) = —2i8Av,(2, J, \/7/ 45 ot “(< )) (1.20)

Benuuunbl 5TUX rapMOHHK TeM 00JIble, deM OJIHzKe JaCTOThl OeTATPOHHBLIX KOJIe0aHuil K
IEJIOMY Pe30HAHCY W ueM OOoJIbIle BeJndnHa Avy.

Cuiejlyer Takzke 0rMeTuTh, 410 coracHo opmysiam (1.19) wium (1.20) B crpyunupoBas-
HOM IIy4YKe HOHOB BeJMYHHbI TapMOHUK U, ;, MOJLYJIMPYIOTCSI CHHXPOTPOHHBIMU KOJIe0aHH-
SIMH 9aCTHI[. DTO MPUBOIUT K JOTOJHUTEIHHOMY OMPAHUYEHUIO JTOCTHKUMOI TJIOTHOCTH
MyJKa U3-33 BO3MYIIEHHiT KOoebaHmnii 9acTuIl CHHXPoOeTaTpOHHLIMU pe3oHancamu. Ecin
PE30HAHCH DETATPOHHBIX KOMEOAHMIT YACTHIL XOPOIIO pa3eeHbl, TO CHHXPOOETATPOHHBIE
PE30HAHCH TPYHIUPYIOTCS BOMU3U OETATPOHHBIX PE30HAHCOB M OTCTOSAT OT HHX HAa pac-
CTOSTHUSIX,, IIPOMOPIUOHAJIBHBIX YACTOTE CHHXPOTPOHHBIX Kosiebauuii. Takast BOSMOKHOCTH
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MOZKET CTaTh JONOJTHUTEIbHBIM UCTOYHHKOM MEPEKPBITUSI PE30OHAHCOB MHTEHCUBHbBIX HOH-
HBIX [IYYKOB U JIONOJHUTEJbHBIM UCTOYHUKOM YMEHbIIIEHUS JTOCTUZKUMOM JIOTHOCTU UOH-
HOTO TyYKa B (ha30BOM IPOCTPAHCTBE.

[Ipu mpoexkTupoBaHWEM MAIIUH OTPAHWYEHWS WHTEHCHBHOCTU IIyYKa €ro HMPOCTPaH-
CTBEHHBIM 3apsIOM OOBIYHO YYUTHLIBAETCS OIpeIeeHrneM HEeKOTOPOro MpeaebHOTO 3Ha-
qerusd Avy. Ilpu OBICTPOM YCKOPEHHH YACTUI] MOTYT OKA3aThCd JOMYCTUMBIMEA 3HAYCHUS
Avp < 0.5. [Insg nakonureseil ¢ JJIMTEIbHBIM y/epzKaHUueM IIy4YKa HPe/ie/IbHOe 3HAYEHUE
Avy, 0bbruno He npesbitiaer 0.1.

1.2. KorepenTabie kojieOaHNS NOHHBIX ITYYKOB

B IMUKJIMYECKHUX YCKOPpUTEJIAX W HAKOIIUTEJAX MOHOB B JOIOJIHEHHE K OI'PaHUYCHH-
AM W3-3a MOJIeH TPOCTPAHCTBEHHOTO 3apsIa JOCTUKUMBIE WHTEHCUBHOCTH MTYYKOB MOTYT
OrPAHUYIUBATHCSA TEMH MOJISIME, KOTOPBIE MyY0K HABOJAUT B OKPYZKAIOIINX €0 3JIEKTPOIaX
BaKyyMHOIl KaMmepbl. B gacTHOCTH, TaKWe HEyCTONIMBOCTH MOTYT OBITH OOYCJTOBJIEHBI W
HOJISIME [TPOCTPAHCTBEHHOI'O 3apsijia Iy YKa, €CJId, HAIIPUMeEP, 4acTOThl OeTATPOHHBIX KO-
JiebaHuit HOHOB MPUO/INKAIOTCS K PAruOHaIbHBIM ducjiaM. COOTBETCTBYIONNE HEYCTOW 1~
BOCTHU KOT'€PEHTHBIX KOJIe6aHI/II71 ABJIAIOTCA PE3OHAHCHBIMHU U PEaJIN3YIOTCA MPU NOIIaJaHUN
JaCTOT KOTePEHTHBIX KOJIeOAHUIT B 3alPENEeHHbIE TI0JI0CHI YACTOT, OKPYZKAIOIHe Pe30HAHC-
HOe 3HaveHne. V3yueHne COBMECTHOTO JEHCTBHUS HA MYyYOK HEJTMHEHHBIX PE30HAHCOB, I'e-
HEPUPYEMBIX MOJISIMH MPOCTPAHCTBEHHOTO 3apsijia, U MOJell, KOTOpbIe HABOISITCS MYIKOM
B OKPYZKAIOIIHUX €r0o JIEKTPO/IAX, SABJISAeTCs O4YeHb CJI0KHOI 3ajadeit. OObIUHO, /Ui ee
pemeHud HeO6XO,ZLI/IMO npuBJjiedYeHne 9YMCJAeHHBIX METOJ0B.

K C9aCThIO, OYEHHb MHOTHE HAKOMMUTE/IbHbIE KOJIbIla NOHOB MOT'YT 6bITb HaCTPOEHBI TakK,
4TOOBI IACTOTHI OETATPOHHBIX KOJIeOAHUIT YACTHUI] HE MOMAJATH B 3AlPEIIEHHBIE TOJOCHI
PE30HAHCHBIX BO3MYIIeHHiT. B Takux ciydasx, aeiicTBre Ha KOJeOAHUS TaCTHIL MOJIei Tpo-
CTPaHCTBEHHOI'O 3apsd/ia IIy4Ka CBOJAUTCA K CABUI'Y 4aCTOT KO.He6aHI/II71 HYacCTul, 4TO MO2KeT
CylaieCTBEeHHO YIIPOCTUTD Tpe6yeMbIe BBIYUCJICHNU . KaK HU3BE€CTHO, B TaKUX CJIydadX KOre-
PEHTHbIE KOIIe6aHI/IH MOHOXPOMATHYIECKNUX MOHHBLIX MMYYKOB MOT'YT CTaTbh HQYCTOﬁqHBbIMH
13-3a JUCCUTIAIIMY SHEPTUHU OJIeil, KOTOPbIe IIYyY0K HABOIUT B OKPYZKAIOIINX €r0 JeKTPO-
nax. B jgomosnHenne K HEYCTOWYHBOCTSAM WM3-3a MOJIEHl MPOCTPAHCTBEHHOTO 3aps/ia TaKue
HeyCTOfIqHBOCTH MOI'YyT OrpaHM4uBaTb AOCTHZKUMbI€ MHTCHCUBHOCTH IIYy4YKOB B HIMPOKUX
00/1aCTAX CIHEKTPOB KOIN€PEeHTHBIX KoJieDanuii nydka. [[ocko/ibKy Takue HeyCcTONYnBOCTH
caMu 0 cebe He CBSI3aHBI C JIeHCTBUEM Ha IyYOK T0JIeil TPOCTPAHCTBEHHOTO 3apsiia, MbI
Oy/1leM Ha3bIBATh UX OOBIYHBIMEH HEYCTONYIMBOCTIMHU KOT€PEHTHLIX Kosiebanmii. Kak u3-
BECTHO, OHU OCOOEHHO CUJIBHBI JIJIs JIUMOJBHBIX KOT€PEeHTHBIX KoJlebanuii mydkoB. Morrr-
HOCTH K€ HeyCTONYUBOCTEH MyJIbTUIO/IbHBIX OeTATPOHHBIX KOJI€OAHUI IKCIHOHEHIUAJIbHO
yOBIBAIOT C POCTOM HOMEPaA MYJILTHIIOJHBHOCTU IIPU YCJIOBUU, YTO TONEPEYHbIe Pa3Mepbl
IMy4YKa MaJibl 110 CPpaBHEHUIO C XapaKTEPHBIM PACCTOAHUEM 10 IJIEKTPOJA0B, BbI3bIBaIOIINX
HEyCTOWYINBOCTh. Pazbpockl 4acTor 6eTaTpOHHBIX KOJIeOAHUI B IIyYKe MOI'YT CTaOWIN3U-
poBaTh pa3BUTHE HEYCTOWYMBBIX KOTEPEHTHBIX KoJebaHuit brarogaps JeicTBUIO Ha KOJIe-
banuga 3aryxanud Jlammgay. B obmux ciaydaax, mekpeMeHTH 3aTyxanud Jlanaay yBeaudn-
BaIOTCs C yBeJIMY€HHEeM pa30dpPOCOB 4acTOT B IIyUKe.

[Tosist mpocTpaHCTBEHHOIO 3apsijia MyYKa 3aBUCIT OT PA3HOCTH MOMEPEIHBIX KOOP/IU-
HAT HOHOB M KOOD/IMHAT MEHTPOB TAZKECTH mydKa. /[J1g HecrpymmupoBanHOTO My YKa HOHOB
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TAKMX KOOPAMHAT JIBE. DTO II0JOKEHUE HEHTPA TIAKEeCTU IIyYKA B FOPU30HTAJILHOM Ha-
npasiennu (d,) u B BepruKagbHOM Hampasiaenun (dy). O6e 9Tu BesmunHbl (JUIOIbHBIE
MOMEHTHI My4YKa) ONPEeJsIIoTCs KaK cpenHeaprudMeTndecKue 3HAYeHHs CMEIeHuii Ja-
CTHIL IIy4YKa OT 3aMKHYTOil opOurhl, Hanmpumep, Mbl MOZKeM 3aIICATh

4,(0) = = D walt), (1) = D" wal0) (1.21)

3/1ech @ HyMepyeT JacTHIB B Iy4ke. [Ipn Bo30yK/1eHIN B My YKe KOTepeHTHBIX KOIeOaHnit
BeJINYHUHEI d,, MOTYT HPUHUMATH Pa3/JHYHbIe 3HAUCHNS B PA3/JIUIHBIX TOUKAX 3aMKHYTOIl
opOUTHI S W B pa3juyHble MOMEHTBHI BpeMeHH. B TakoMm ciydae 1y4doK pas3OuBaeTcs HA
CJIOW PA3yMHO MaJIof JiTMHBI OS BOIN3U TOUYEK OPOUTHI S TaKue, 9TOOBI MOYKHO OBLIO ObI
IPUHATH, 9TO IJIOTHOCTH TyYKa Ha OTPe3Ke OT s — 0S/2 10 s + 85/2 sABJsleTcst MOCTOSIH-
HOli BesimuuHoii. [Tocste Takoro pasbuenust cymmbl o a B (1.21) 3aMeHsIIOTCS CyMMaMu,
KOTOPBIE BBIYUCILIOTCS B MpeIesax WHTepBaga pa3bueHns ¢ CyYMMHPOBAHUEM IO YHCJTY
YACTHIl, TTOHAJAI0NNX B BbIOpaHHbIil cioit. Hanpumep, /i ropu30HTAJbHBIX KoJleOaHUit
HUIIeM:

dy(Sq,t) = % Z Ty (Sast), (1.22)

54—05<8q; <54+0s

JleiicTBYs1 aHAJOTUIHBIM 00pa30M, Mbl MOZKeM Pa3duTh (ha30BOE MPOCTPAHCTBO IMOIEpeY-
HBIX KOJIEOAHUIT YaCTUIl MyYKa HA MaJjble sT9eilKu W MpeCTaBUTh JUMOJIHHBIE MOMEHTHI
dyy(s,t) cyMMaMu TUIOTBHBIX MOMEHTOB YACTHII Iy IKA, MOMAIAIONINX B 33/ JaHHYIO sqeii-
Ky (azoBoro mpocrpancTa mydka. Ecam 9acToThl KoJeOaHUil YACTHI] He 3aBUCAT OT UX
KOOp/InHAT B (PA30BOM IPOCTPAHCTBE, TO KOJieDaHUs JIUIIOJTBHOTO MOMEHTA U KOJieOaHUsI
YACTHIL IIy9Ka OY/IyT OCTaBaTbCsl KOTePEHTHBIMU OeckonedHo 10/r0. [losTomy B Hakomm-
TeJLHOM KOJIbIle ¢ (POKYCUPYIOIIEH CucTeMoil, KoTopas cama 1o cebe obecrednBaeT MOHO-
XPOMATHYHOCTD IIYYKa, JUIOJbHbIe KOTeDEeHTHbIE KOJIeOaHus U HeKOrepeHTHbIe OeTaTPOH-
Hble KOJeOaHWs MOHOB He CBA3AHBI MexKIy coOoil. B TakWX ycJOBHSIX CHJIBI MPOCTPAH-
CTBEHHOI'O 3apsijia, He HPUBOIAT K JIONOJHUTEJHHOMY 3aTyXaHuio JIaHjgay KOrepeHTHBIX
KoJieOanuii mydka. Takoit pesy/brar OblI MOJydeH BO MHOrHX paborax (mampumep, B [6]
- [1o)).

B npenebpezkennu BO3MYIIEHUSIMHA IBUKEHHUS YACTHUI HOJISAMHE IPOCTPAHCTBEHHOTO 3a-
psijia HeCTPYIIUPOBAHHOTO MyYKa 3aTyxaHue Jlanmay KorepeHTHBIX KOaeOaHmii onpeaeis-
eTcd pa3zdpocaMu 4acToT oOpalleHus YaCTHI], pa3dpocaMi YaCTOT H3-3a XPOMATUIHOCTHU
4acTOT OETaTPOHHBIX KOJiebaHuil M/ u3-3a KyOM4ecKoi HeJmHedHOCTH (hOKYCUPYIONIUX
noHbl oJieit (nanpumep, B [1]). YToObI OTIHYHTD UX OT U3MEHEHHI 9aCTOT KOJIeOAHHi da-
CTHUIL TTOJISTMU TTPOCTPAHCTBEHHOTO 3apsijia, MbI Oy/IeM Ha3BIBATH TaKWe Pa3dpOCHl TaCTOT
BHemmHUMHU. OHH BBI3BIBAIOT pa3pylleHne KOTePEeHTHOCTU KOJIeOaHWil JacTUIl M JUIOTb-
HBIX KOTePEeHTHBIX KOJIeOaHuil mydKa. DTO CBA3LIBAET JUIIOIbHBIE KOT€DEHTHBIE KOseba-
HUsI U HEKOTE€DEHTHbIE KoJieDaHust 9acTull B nydke. [103roMy MOXKHO OKHUgaTh U3MEHEHU T
CIIEKTPOB JIUTIOJbHBIX KOT€PEHTHBIX KOJIE0AHUN TyYKa U YCJAOBUIl UX YCTOWIMBOCTH M3-3a
naTepdEPEHNINT BAUSIHUI BHEITHUX Pa30poCcoB u pa3bpPOCOB 4acTOT, 00YCIOBJIEHHBIX MTPO-
CTPAHCTBEHHBIM 3apsIoM mydka. [lommmo Toro, 4To m3MeHeHus yCJIOBHIl YCTONINBOCTU
KOTePEeHTHBIX KOJIeOaHmil MydKa BaXKHBI caMu Mo cebe, M3ydeHne TaKuX WHTepdepeHnit
[O3BOJISIET TPOBOJUTH IIPSMbIE U3MEPEHUST KYJIOHOBCKOI'O C/IBUTIA YaCTOTHI MHTEHCUBHOI'O
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MOHHOI'O Iy4YKa IOCPEJICTBOM, HAIPUMED, U3MEPEHUsd JAuarpaMM YCTOMYMBOCTHU JIUIIOIb-
HbIX OETaTPOHHBIX KOM€PEHTHBIX KOJieOaHuilt nin ux (yHKIHI OTK/IMKA.
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I'1aBa 2

Konebanusg u myMbl KBa3mU2KEeCTKOI'O
My 9K,

2.1. YpaBHeHue BJiacoBa

Boruuciium juciiepcuoHHble ypaBHEHUsI, OLPEIE/ISIONINEe CIEKTPhl JIUIIOJIbHBIX KOT'e-
PEHTHBIX KOJeDaHWil HeCIpyHIMPOBAHHOIO MOHHOIO Iy4YKa M YYHUTHIBAIOIIAE B3aMMHOE
OTTAJIKUBaHWE WOHOB TOJISIMHA TTPOCTPAHCTBEHHOTO 3apsiga. Mbl yIPOCTHM BBIYNCIEHUSI,
Hpe/Iirnosaras, YTo HOHbI JIBUKYTCs B HAKOIIUTEJIe C HePeJIITUBUCTCKUMU SHepruavu. /s
VIPOIIEHUs BLIYUCTEHUNH MBI TaKzKe TPeI0I0KAM, 9TO OeTaTpPOHHBIE KOJTeOAHUA JACTHUIL
MOI'YT ObITh OLMCAHbI B IPUOJIMKEHUN CriaxKeHHO# dokycupoBku. 1o aToit npudune cu-
JIBI IPOCTPAHCTBEHHOT'O 3aPsi/ia Iy YKa He OY/1yT BbI3bIBATH PE30HAHCHBIX HEYCTONINBOCTEN
HEKOTepeHTHHIX Kosiebannit monoB. MbI Tak ke nperHebperkeM B HAIAX pacyeTax BJIUsTHIEM
HA JUIOJIbHBIE KOIepPeHTHbIe KOJIebaHus IMyYKa JUCIePCUOHHBIX UCKAKeHHiT OpOUT MOHOB.
Torna HEBO3MYIIEHHbIE HEKOT€PEHTHbIE KOJIeO0AHUS YACTUIL BOJIU3U 3aMKHYTONH OPOUTHI
OIICBHIBAIOTCS (pOpMyTaMu

21, ~a : i
€T = _— COSII)Z, Pz = — ZIxM(D:vO Slﬂl‘)z, TP:E = Wg,

MU):EO
21, : -
Y=\ S 05U Py =~V Mo sinyy, by = oy, (21)
Y

: A
0 = wot + ¢ = 0 + b, cp:ooonp—p, Ap =p —po.
0

31ech nHgekcoM () TOMEYarTCst BeJIMIHHBI, OTHOCSIIHECS] K HEKOTOPOii IIeHTPATHHOM (paB-
HOBECHOI) JacTuIle mydka (HalpuMep, 3T0 MOXKeT OBITh YaCTHIA ¢ UMILYJILCOM, COOTBET-
CTBYIOIIUM MaKCUMyMy (DYHKITUU PACIIPE/IeIeHns My IKa 110 UMIyJbcam), 0 = s/ Ry — a3u-
MyT dactunpl, [1 = 2Ry — nepumerp 3aMKHYTOR OpOUTHI HEHTPATBHON YACTHUIBI, W) — €6
4acToTa 06paIleHns BAOIb 3aMKHYTOH OpouTh, 1) = 1/y2—a, Y — peaTuBHCTCKIit (hakTop
YaCTUIBI, 0. — KOI(MDMUIMEHT MPOCTPAHCTBEHHOTO YILIOTHEHUst opbut, M — macca woHa,
W0 I Wy — JACTOTHI FOPH3OHTAJIBHBIX H BEePTHKAJbHLIX OeTaTPOHHBIX KOJIeOAHUI IeH-
TPaJbHON YaCTUIBI, COOTBETCTBYIONINE JUHENHHOH (POKYCHPOBKE MOHOB. XPOMATUIHOCTD
GboKycHpOBKN U HeTUHEHHBIE 3aBUCUMOCTH (DOKYCHPYIONUX CUI OT TOPU3IOHTAJIBHOTO T
U BEPTUKAJBHOIO Y OTKJIOHEHHIl MOHA OT 3aMKHYTOW OPOUTHI MPUBOJIAT K 3aBUCUMOCTH
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4acTOT OeTaTPOHHBIX KoJjebaHuil w;, OT IepeMeHHbIX JeficTBHe HeBO3MYIIeHHBbIX Oera-
TPOHHBIX KoJiebanuii [,, I, m OT OTKJIOHEHHA MMITYJIbCa YACTUIBI OT ero IEeHTPAJbLHOIO
3HAYEHUS.

B orcyrcTBue HA 3aMKHYTOI OpOUTE CUJT TPEHUS U IIIyMOBBIX BO3MYIIEHUN KOJIJIEKTUB-
HbIe KOJiebaHus JacTHIl IyYKa ONUChIBalOTCA ypaBHenueM Biacosa. Eciu H — ramuiabro-
HUAH, ONUCLIBAIOIINI JIBUKEHIe JYacTHIl, a [ — omHodYacTHIasg (PYHKIHUS PACIpeIe/TeHns
JacTHI IIy4dKa B (a30BOM IIPOCTPAHCTBE, TO ypaBHeHue BiiacoBa 3amuchiBaeTcst B BHIE

4 _of

& ot +[H, f] =0, (2.2)

rae [H, f] — ckobka ITyaccona dyuxmuii H u f. Kak yKe roBOPUIOCH, MbI TIPEJIOJIOKUM,
9TO Oe3pa3MepHble YacTOTHl OETATPOHHBLIX KOJIeOaHWil MOHOB yIaJeHbl OT HeJHHEeUHBIX
pe3onancoB. Torma HecrpynnupoBaHHBIH MyYOK Oe3 MOTepevHbIX KOTePEHTHBIX KOJIeOaHuit
onuchiBaercs (pyHKIMeidl pacipejesieHus, KOTopas He 3aBUCUT OT (DA30BbIX I€PEeMEHHbIX
¢, Yo 1 Py

f= fO(I)p(Ap)7 I = {Ixaly}' (23)

KorepenTHbie Koie0aHUS My YKa OMUCHIBAIOTCS MAJTBIMHI T00aBKAMU K f(, KOTOPBIE 3aBUCST
OT BpeMeHU t 1 ABJIAI0TCS epuojinieckumu pyHKimsaMu ha3oBbix nepeMmentbix. [loaromy
HTIEM

F = oD)p(AP) + 3 frun(L, Ap, 1) exp (imuh, + imyp, + ing). (2.4)

m,n

Buech m = {my,, m,}. Bepruxajbubie JU0JIbHbIE KOTEPEHTHBIE KOJIEOAHHsI OLUCHIBAIOTC
nabopom m = {0, +1}. IIpeaunonaras, 9To0 BO3MYyIEHUs KOJEOAHUIT 9aCTUI HABEICHHBIMA
HOJIAMU TPUBOJAT K MAJILIM U3MEHEHUSAM IIePEeMEeHHbBIX AelicTere | Ha BpeMeHax, IMOPsIKa
epuoia obpaIeHns YaCTHI B KOJIbIE (27T/wg), MBI MOKEM BBIYUCIATH AMILTHTYIBL fr, 5
nuHeapu3amyeii ypapuenns Biacosa Boimsu fo(I)p(Ap) mo ammauryaam fp, ,. B Tex ciy-
yagx, KOr1a BO3MYIIEeHUs KOJIeOaHUH YacTHIL 2KeJ1aTe1bHO OIIMChIBATH KOMIIOHEHTAMU CILI,
a B KQUeCTBe KOOPAMHAT YACTHIL HCHO/Ib3YIOT HepeMeHHbIe JeiicTBue — da3a HeBO3MYIIEeH-
HOTO JBMKeHHd, ypaBHeHue Biacosa nyisg GyHKIUY PACIPEIeIeHA HeCTPYIIITAPOBAHHOTO
Iy YKa 3aIUCHIBACTCSI B BUJIE

of . of ox dy af

9 4 9L Ry AR .

ot T T\ T o T an ) oy, (2:5)
ox Jy of

3/1eCh TPUHSATO, YTO MO HOBTOPSIONUMCS UHIEKCAM O = T,y BEJIETCS CyMMHUPOBAHUE, a
TaKKe TO, YTO HEBO3MYIIEHHbIE OeTaTPOHHbIE KOJIeOAHMsT YaCTHI] OMMMCHIBAIOTCS FaMUJIb-

tonnanom Hy (1)
0H,

ol,’
F, — KOMIIOHEHTBI CUJIBI, OMUCBIBAIOIIEH BO3MYIIEHUsT KOJeOaHuii dacTuil, a cuMBoI (. . .)
— OIUCHIBAET yCpeIHeHNe BeJIMIUHBI B CKOOKAX 10 a3UMYTy IHeHTPATbHOW JacTHIIHI

m:/on%(...). (2.7)

18

iPa = (DOL a = xvyv (26)



N3-3a xpomarudnoctu GOKYCUPOBKH KOJIbIA U HEJUHEHHbIX 3aBUCUMOCTEN (DOKYCHPYIO-
MIAX CHJI OT KOOPJAUHAT YACTUI] YACTOTHI 0y, BOOOIIE TOBOPS, MOT'YT 3aBUCETH OT UMIIYJ/IbCA
qacTHIlbl Ap U OT ee aMILIATY I OeTaTPOHHBIX KoJiebaHui, HAITpuMep, Mbl Oy/IeM HCATh

0, = 0,0 + Awy(Ap, I, I,). (2.8)

B 31oM 1ocobuu mMbl paccMarpuBaeM COBMECTHbIE BO3MYIIEHUsI OETATPOHHBIX KOJ1e0a-
HUI 9aCTUIL HABEJAEHHBIMM IIyYKOM IOJISIMH U MOJSIMHU €0 NPOCTPAHCTBEHHOIO 3apsija.
[Tpu sTOM JeiicTBUE HABEJEHHBIX T0JIeH Ha BePTUKAJIbHBIE KOJeOaHus JacTul OyIer onm-
CBIBATLCA CHIOH Fyy, KOTOpas BLIMHCISETCA B TEPMHUHAX MONEPEYHOrO JIOKAJIU30BAHHOIO
nMmnenanca Z | (manpumvep, B [1]). Kpome Toro, B 3T0M pasjese Mbl YIPOCTUM BBIYUCIIE-
HUS, HCIOIL3YS MOACIb, B KOTOPOil CIIBI IPOCTPAHCTBEHHOTO 3apAIa My YKa, OIUCHLIBAIOTCA
Boipakenusimu Iy (y — d(d, 1), z) u F,(y — d($,t), ) takumu, Kak eciu Obl Iy4OK MMeJI
JKeCTKHe pacrpe/ieJieHus] YaCTHI B MOMePeYHbIX HANPaBaeHusax (z u y). 31ech

9.6) = [ dApdr syt drs = dedp.dydp, (2.9

- ILI/IHOHBHBII../’I MOMEHT IIy4YKa B BEPTUKAJHbHOM HallpaBJICHUU. ﬂﬂﬂ MaJIbIX BEPTUKAJIbHBIX
KOrepeHTHbIX Kojaebanuil numem F,(y —d,x) ~ F,(y,x) n

OF,
dy
TaKOG npe;monomeHHe CyH_IeCTBeHHO ynpomaeT BBIUUCJIEHUE ILI/ICHepCI/IOHHOFO ypaBHeHI/IH,
XOTs U HapyUIaeT, B OLPEJEJIEHHON CTeleHU, CaMOCOIJIACOBAHHOCTh y4YeTa BO3MYIIEHUS

My 4Ka JIelCTBUEM €ro 1moJjieil IPOCTPAHCTBEHHOTO 3apsiia. BayKHOCTD MOC/ e IHero CBOiCTBa
JIJIST OTTUCAHUS JIUTIOJIHHBIX KOTePEHTHBIX KOJIe0aHnit NHTEHCUBHOIO MOHHOTO MyYKa OyIeT

Fy(y —d,x) = Fy(y,x) — d(¢,1) (2.10)

JIETAJIbHO M3YUYeHa B CJIELYIONEeM pasjiese paboThl.
[Tocne mmneapu3annu ypaHenus Biaacosa (2.5) mo f,,, HAXOIUM, UTO AMILTHTY/IbI
fm.n Y/IOBJIETBODSIIOT yPABHEHUSIM:

9 frmn
ot

9fo

o, (2.11)

= — [mq) + imymy] fmn — imyymyFw(t, 0)p(Ap)
dy OF, dfo
o, Oy )m )51,

B sTnx ypaBHenusx 4acToThl OeTaTPOHHBIX KoJebanuil 9acTuly o, cojeprKaT BKJIaIbl XPo-
MaTUIHOCTU (DOKYCUPOBKH, a TaKKe BKJIaIbl HEJIMHEHHOCTeH BCexX 1moJieil, BO3MYIIAIOINX
KoJiebaHus IaCTHIL,

i

Ym, = I,/(2Mw,g), m, = £1.

Bxogsiuue B (2.11) rapmonnku [(Oy/0,)(0F,/0y)]m BHIYUCISIOTCS € UCIOIB30BAHUEM
TOKJIECTB

(005 _ [* 0ty 0 Ol oy,

R

- /Qn dp,dp, ( Oy OF,(x,y) N Ox 8Fy(:c,y)) iy

- 2 e .
0 (2m) o, Oy o, Ox
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YV4aurbiBasi paBeHCTBO

dy 0F,(x,y) N dx OF,(v,y) OF,
Ny, Iy N,  Ox Ny

1 10 00CcTOsITeNILCTBO, uTo O/, = 0, nuiem

oy OF,\ . o T dpadipy J——
(g0 ay), = imstin=imy [T R 212

Ypapaenus (2.11) m03BOJSIOT BHIYUCIATH PEIIeHHs], KOTOPbIe OMUCBIBAIOT PA3BATHE KOTe-
PEHTHBIX KOJIeOaHuil Iy 9Ka IPH 3aJaHHBIX HAYATBHBIX YCIOBUAX, JTUOO MO3BOIAIOT BBITHC-
JATH COOCTBEHHBIE MOIBI KOTePEHTHBIX KoJIeOanuii. B moceneM caydae Mbl MOACTABIAEM
B (2.11) pemenust B dpopme fr,, < e ! u B coorBeTcTBUM ¢ oupejesnenuem (2.5) ycpej-
HsieM 00€e 4acT! 3TOro ypaBHEHHUs 10 NepuojLy oOpalieHus JacTui, B Marune. Pe3yibrar
3aIUCHIBACTCA B BH/IE

9fo

(0 =1 = 1myy) frn n () = My, Fi (£, 0)e™'p(Ap) 7= 1,
9fo

oI,

_— I
= ot — TdA Y I,A . .
o) = (00 = [ dranpy | p(1.60.0) (2.14)

B nmpaBoii uactu ypasaenust (2.13) omytieHbl BKIabl GICTPOOCIUIHPYIOMIAX CJAraeMbiX,
KOTOpBbIe B 3TOM IIPHUOJIMKEeHIN MaJibl. [Ipejmnosiaras Hepe30HAHCHOCTb B3aUMOJICCTBUS
KOPepPEHTHBIX KOJIeOAHUN MyUYKa ¢ OKPYZKAIOIINMHI 3JIeKTpojgaMu, muiiem |1]

(2.13)

— dpm (o) (Fy),, p(Ap) 57

rjae

iNe?Z | (w + nowy)
I1

Fy (t,0)eivt = — i (). (2.15)
[ToxcTaBuB 9T0 BHIpazKkenue B (2.13), moaydaeM aMIUIATY/IbI KOTEPEHTHBIX KOJeOaHuii my -
Ka

zmyNezZL(oJ + NWo)Yrm, " dfo

n(@ )p(Ap)a—[y (2.16)

fmin = (o — ng — mym,)
_my (Fy),, P(Ap)
®—ndp — My 0,

dpm (oo)gfo Imw >0

n JUCIIEpCUOHHOE YpaBHEHHE 3a/a4U

oo dfo my (Fy)
1= —/ dldI,I Qi+ —e 2.17
0 VoI, V2Moyl, (2.17)
X / dAp p'(Ap) .
o W — NP — myw,
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3aech Besmunna Q,, , oupejesena Gopmy.ioit

o _ imyNe*Z, (mywyo + nwp)
e 2M w11 ‘

(2.18)

B cuiy npeanosiozKeHusa o IMIPOKONOIOCHOCTH HMICJaHca 7| TOYHOe 3HAYCHHEe () B ap-
TyMEHTe Z| 3aMEHEHO ero MPUOINKEHHBIM 3HAYEHHEM 1M, 0,0. [L71s1 MOHOXPOMATHIECKOTO
uyuka (0, = wyo, p(Ap) = 8(Ap)) u B upeHeOPEKEHUH BJIMSHUEM LOJIEH HPOCTPAHCTBEH-
Horo 3apsja (F,, = 0) peuenue gucnepcuonnoro ypasuenus (2.17) 3amucsiBaercs B BHJE

AWy, = 0 — mywyo = QL .

Dtu Mozapl yeroitunsel, ecan Im(Aw,,) < 0. ITockonbky ReZ| (w) siBasiercss HedeTHOI
dyHKIMEH 0 Ha JefCTBUTETLHON OCH ), YCJIOBHUS YCTOMIUBOCTH MOJI MOHOXPOMATHIECKO-
ro, HECTPYNIHPOBAHHOTO IIYyIKa ONPEIENIOTC 3HAKAMI [IPOU3BEICHIIA 1My, (1M Vyo + 7).
DTO 03HAYAET, YTO MOJILI ¢ OOJTBITUMU 3HAYCHUSIMHU A3UMYTAJTHHBIX HOMEPOB TapMOHUK
In| > vy 1106a/1bHO HEyCTOYUBbL (HAIDUMED, €CJH MOJbl ¢ HoMepamu myn > 0 ycroii-
YUBBI, TO MOJBI ¢ HOMepaMu Mmyn < 0 HEYyCTOHYNBHI).

B npenebpezkeHIH BKJIAIAMU CIJT IIPOCTPAHCTBEHHOIO 3apsijia Iy vKa ypaBuenue (2.17)
npeJcTaBiIsgeT coOOU CTaHIAPTHOE MUCIEPCHOHHOE yPABHEHHE TEeOPHH JUHEHHBIX KOTe-
PEHTHBIX KoJaebaHuil, 3anucannoe JijIsd BePTUKATHHBIX JTUMOTBHBIX KOTEPEHTHBIX KOIe0a-
HHUHI HECIPYHIIUPOBAHHOI'O IIYYKa, B3aUMOACHCTBYIOIEro ¢ HaBeJCHHbIMI IIOJIAMUI, OIIACHI-
BAaEMbIMU JIOKAJIN30BAHHBIM TIOTIEPEYHBIM UMIIeaHCcOM Z | (o).

2.1.1. CpaBuru 9acTOT HEKOTEPEHTHBIX KOJIeDaHMil

Mpr Gymem u3ydarh 0COGEHHOCTH DeleHuii AucriepcuoHHoro ypasaennst (2.17), npesn-
moJjiarasg, 4To pa3bpoc 4acToT OeTaTPOHHBIX KoJsiebaHuil (hopMUPYeTCsS XPOMATHIHOCTHIO
GOKYCHUPOBKHU, OKTYIOJbHBIMA KOMIIOHEHTaAMH (POKYCHPYIONIUX IoJeil U HeJTuHeHHBIME
3aBUCUMOCTSIME TIOJIeHl MTPOCTPAHCTBEHHOTO 3apsijia MydYKa OT KOOpAMHAT JacTur (z,y).
[Tosromy nuirem

(Dy(],Ap> :(Dy0+(00 T]Vy0+ dCfL % +A(1)3—Qy(]), (219)
NPo] Po
IIe Wy = WgVyo, dV,/dInp — XPOMATHIHOCTH BEPTUKAIBHLIX OETATPOHHBIX KOJIeOAHMIL,
Aw3 — ¢IBUT 9aCTOTHI BEPTUKAJIBHBIX OETATPOHHBIX KOJIEOAHUIT N3-32 OKTYIOJIBHBIX HOJIEH,
a Q(I) — BejmuMHA CABUIA YACTOTHI BEPTUKAJBHBIX OETATPOHHBIX KOJEOAHWN YacTHIl,
o0ycCJIOBJIEHHAs JIeHCTBAEM CUJI IPOCTPAHCTBEHHOTO 3apsi/ia IydKa.
CnaBur 4acTorhl 6€TATPOHHBIX KOJIeOAHWN YACTHUIIBI 38 CYET OKTYIOJbHBIX HOJIell 3a-
NUCHIBACTCS B BU/JIE

A(Dg = (Do(CLCJy — bcjz), (220)
rae J:D,y — 2Ix,y/p07 )
Roe T do 2 83Hy

e = — —B2(0 ; 2.21
¢ 16pc/O 22O (5 . (2:21)

Roe [*™do OPH
be = ——— —B.(0)B,(0 ), 2.22
o | gm0 (G2 (222
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a sesmuuna (0°H,/0y®)o onuchiBaer pacupe/iejienue U Culy OKTYIOJIS Ha 3aMKHYTOfi Op-
oure.

B narmeit Mogesnn BO3MyIIeHns BePTUKAIBHBIX GETATPOHHBIX KOJeOaHuil YacTHIL OJI-
MH TIPOCTPAHCTBEHHOTO 3apsijia IMydYKa OMUCHIBAIOTCS Beauwdnnoit F,(y — d, x). Ilpu sTom
HEKOTePEHTHBI CJBUI YaCTOTHI GETaTPOHHBIX Kosebanuit wactuibl (—Q) onpejgessercs

BLIPAYKCHHCM
T dydy, Oy
Q,(I) = /0 (2)2 8_IyFy<y —d,z)
win, cornacuo dbopmyste (2.10),
v, dp,, Oy OF,
Q,(I) = /0 ")y oI, (Fy(%y) - (9_y> : (2.23)

YaursiBast, 9T0 B CUJIy HEIETHON 3aBucHMOCTH Fy(x,Yy) OT Y, BBIIOIHSIETCS TOXKIECTBO

M dp,dy, Oy OF, 0 [ dy.dy,
[ o a1, by ‘a_fy/o G Ty =0

HAXOJIMM, 9TO TOJIBKO IepBoe caaraeMoe B Beipazkenusax (2.10) u (2.23) gaer BKIa1 B CABU-
'l 9ACTOT, HAIIPUMED, BEPTUKAILHBIX 0eTATPOHHBIX Koslebanuit uactui. [losromy mumem

oy [Ty L (Bt B
y( ) - 2 y(xay) -
o (2n)* OI, 2M 1, 2

(2.24)

[Mockobky cuna Fy(y, x) asasercs nedernoit dbynkmueii y, a Takxke detHoil hynxuueit ,

numem (Fy), o = (Fy)_, - [osromy

(Fy)y10 (D)

V2Mw oI,

2.1.2. ImcmiepCMOHHOE ypaBHEHUE

Q,(I) = (2.25)

[Toacranoskoit dopmyn (2.19), (2.25) B (2.17), onpenerenneM BeauIHH Aw,, = O —
my(,l)yo,

o a\/y
i ki 2 2.26
9=" (7 + myVyo) + my o oAp (2.26)
u
Aw(I,Ap) = gAp + myAws — m,Q,(I), (2.27)

nepenuiiem ypasuenue (2.17) B Buje

1=— / dlzd]yly% Qi + myQ, (1] (2.28)
0 ajy 7

> p(Ap)
dA .
8 /_ P Ao, — Ao(T, Ap)

oo
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Jtst yuponienusi HOHUMaHKsl XapaKTepa pellleHuil 10C/ e/ JHer0 yPaBHEHUS BOCIIOJIb3YeMCsI
TOXKJIECTBOM
myQy (1) B Aw,, — gAp — myAws
Aw,, — Aw(I,Ap) Aw,, — gAp — myAws +m,Q,(I)

Torma npocTeie mpeodpa30BaHMII

> 0fo p(Ap)
1=-Q,, dl,dIl, I, ~— dA

®,, — Ao(1,Ap)
> 0fo my €, (1)
/0 dl,dl, 1,52 / dApp(Ap)Awm_Am(LAp),

0= (Awy — Quun)Qy — / dldI,I Ofo
0

Yol
o A A A
X/ inp— PAP)(gAD +myAws) ’
oo Aw,, — gAp — myAwz + m,Q,(I)

AWy — Qo = i/ dIdI,I 0o
0

Q, Yo,
y / ® 4 Ap p(Ap)(gAp + myAws) ’
oo Aw,, — gAp — myAws + m,Q,(I)

TO3BOJISIIOT MEPENHCATh JIUCIEePCHOHHOe ypaBHenue (2.28) B Buje

Aw,, = Q0 + g% + m, oo ( Quy CQW> , ImAw,, > 0. (2.29)
Yy Qy Qy
31ech MBI BBeIH 0003HAYEHUS
d fo / p(Ap)
= dll dA 2.
@ /0 val, P Ao — Ao(T,Ap)’ (2.30)
dfo App(Ap)
= 11 A .
Qv /0 Uar / P N om = Aa(L,Ap) (231)
dfo p(Ap)
= dIT;—— dA 2.32
Qo /0 v oI, / PAwn, — Ao(T, Ap)’ (232)
d fo / p(Ap)
.= dll, I dA . 2.
@ /0 val, P Ao, — Ao (T, Ap) (2.33)

JlucnepcuoHHOe ypaBHEHUE JITsi TOPU3OHTATBHbBIX JIUIOJIbHBIX KOPEPEHTHBIX KOJTeOaHuil
HeCrpynnupoBanuoro myuka (m, = 0, m, = £1, n) noay4aercs nepectanoBkoit B (2.29)
UHJIEKCOB Y U T.

[Tosryuennoe nucnepcuoHHOE ypaBHEHHUE sIBHO YKAa3bIBAET HA TO, UTO B IYUYKE C CHJIb-
HBIM TIPOCTPAHCTBEHHBIM 3aPsI0M BO3MOMKHOCTD MOIABIEHUS HEYCTOWIUBOCTE JTUMOTb-
HBIX KOTE€DEHTHBIX KosaebaHuil 3aryxanuem Jlanmgay moTHOCTBHIO 00sg3aHA BHENTHUM pa3-
Opocam HacToT OeTaTpPOHHBIX KoJieDaHuil yacTuil. be3 3Tux ucTrouHuKoB pa3dpoca 4acTor
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(9 =0, a. =0 u b, =0) qucuepcuonnoe ypasuenue (2.29) numeer ejInHCTBEHHBIT KOPEHD
Aw,, = Q,, », a 3aryxanue Jlangay MoJ HOJHOCTHIO OTCYTCTBYeT HECMOTPsI HA BO3MOXK-
HBIl 3HAYUTEIbHBIN pa3bpoc 9acToT OeTaTPOHHBIX Kojiebanuit, 00yC/JIOBJICHHBIN HeJTuHEeil-
HOCTBIO CHJI IPOCTPAHCTBEHHOrO 3apsaa mydka (). B takux ycjoBUSX OTCYTCTBYIOT U
noporu HeycroitunBoctu. C Ipyroil CTOPOHBI, MPU HAJIUYUHE B CHEKTPE ITYYKA BHENTHUX
pazdbpPOCOB YacTOT 3aryXaHue JlaHaay KOTepeHTHBIX KOJIeOaHWil MOABIgeTCS OIaroaaps
HPUCYTCTBUIO B IIy4YKe PE30HAHCHBIX YaCTHUIL:

Aw,, = gAp + myAws (1) —m,Q,(I). (2.34)

[To sToit npuunne ysennuenune ¢asura actorbl Q(1), BoOOIIE, yBeJININBACT TUCIO PE30-
HAHCHBIX YACTHUI[ B MyYKe, & TaKyKe MIUPUHY 00JACTH YaCTOT, B KOTOPBIX MOZKET MOsIB-
JIAThCs 3aTyXanue Jlanjgay KorepeHTHBIX KOoJieOaHMil.

[TpocTeie pemienust ypaBHeHust (2.29) MOXKHO MOJYYHTb, €CJH MBI, HAPDHMED, IIpe-
HeOpexKeM HeJTMHEHHOCTHI0 CHT IMPOCTPAHCTBEHHOIO 3apd/ia, 3aMEeHHB B JUCIEPCHOHHOM
ypasaenuu dyukuuio Q (1) ee MakcuMasbHbIM 3HaYeHHEM €2, HOJOKUM G = b, = 0 1
onpeenm Q,, , = Q) . + Q) . SHadenue 2y MOYKHO ONpee/INTh, NPUHAB, HAIPHUMED,
aro Qp = Q, (I, = 0, [, = 0). Bmecte ¢ Tem, ecan GyHKIMST pacipe/eJieHust CTAOHAPHO-
IO COCTOSIHUSI COOTBETCTBYET, HAIIpUMep, HapabOJMIecKOMY pacHpe/Ie/IeHHI0 B IMydKe IO

IepeMeHHol y:
5(1,)
I
TO Q) Ccyreyer omnpeeauTsh cooTHomenneMm Qp = Q, (I, = 0,1, = ).

/ /! —
B o6nactu [Q), | > |Q7 |, 0w, r1e dw = [g|0, — pazdpoc 4ACTOT B ImydKe, ONpE/Ie/THB
HOBBIe IepeMentbie W = Q!+ Qg u r = Aw,, +Qq, HAXOAUM TPUGINZKEHHBIE PABEHCTBA

17 [y S [07

e 1y) = 0, I,>1I,

YW gt \g )T W glg g

[ToacraBus st Beipazkenus B (2.29), mosydaem

2

AWy, ~ Qo — iﬂmp W : (2.35)
gl "\ g

ITepBblil €wieH B 910i popMyIIe COBIATACT ¢ PE3YIBTATOM BBIUACICHHS KOTEPEHTHOTO C/IBH-

ra 9acToOTHl KOJIeGAHUN B IPHOIMZKEHUH KECTKOTO CrycTKa. Bropoe caraeMoe OnuCHBaeT

3aTyXaHue J—[aH,ZLay KOJIVIEKTUBHbBIX MO/JI. OHO 3aBUCUT OT BEJIMYUHbLI KYJIOHOBCKOI'O CABHUI'A

4acTOThl MOHHOIO Iyuka. Kak 0ObIUHO, BHIUNC/IEHUE ITONO CJaraeMoro Tpebyer BhIXOJa

3a [pe/esbl IPEMEHIMOCTH MOJEH KECTKOTO Iy IKa.

2.2. I'paHuUNBI 00JaCTU YCTONYNBOCTHU

[Tomumo BBIUMCIEHN COOCTBEHHBIX YaCTOT KOTE€PEHTHBIX KoJebaHuit Aw,, Jucrepcn-
oHHOe ypaBHeHHe (2.29) MOXKeT GBbITh HCIIOJb30BAHO JIJIs HAXOXKJIEHUs TPAHUI] 00JACTH
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yeroituuoctu Mo Koiiebanuii nyuka. [lojcrasisis, naupumep, B (2.29) Bmecro Aw, Be-
gnanny Aw,, + 10, mosydaem JucCiiepCHOHHOE YpaBHEHHE Ha 1OpPOre HeyCTONIMBOCTH:

Qyp(Aw,, 4 i0)
Qy(Aw,, +10)
Qyy(Aw,, + 10)
Qy(Aw,, +10)

Qun = Awy, — g (2.36)

Qya(Aw,, +10)
“Qy(Aw,, +1i0)

— My W My Wob
[Ipu 3ajiaHHOM 3HAYEHMH IIOIIEPEYHOI0 UMIEJIAHCA 4| ITO yPaBHEHHE OIIPEJIesIser I10-
pPOroBO€ YMCJIO YaCTHUI] B MyYKe, & TaKyKe 3HAUYeHHEe KOI'ePeHTHOI'O CJBHra YacTOTHl KO-
nebanmit Ha Topore HeycToitunBocTH. MBI MOYKeM, OTHAKO, NCIOJIH30BATh 3TO YPaBHEHNE
HECKOJIBKO MO-/IpyroMy. [l 3T0oro 3amMeTnM, 9To pu H3MEeHEeHUN B HeM IepeMeHHOi Aw,,
B/IOJTb JEHCTBUTEIHHONW OCH MBI TIOJYYUM B IMapaMeTPUIECKOM BUJE 3aBUCHMOCTH BeJIH-
unubl Im(Q,,.,) or Re(Qy,,) Takyio, 410 B Kazx/I0# TOYKE 11apamMerpbl Iy 4Ka HaXOATCsl
Ha I'paHule 06JIacTh yCTOMYMBOCTH KOTEPEHTHBIX KoJsiebaHuit. B mI0cKoCTH KOMILJIEKCHOM
nepeMeHHO# Q,, , rpaduK Takoil 3aBuCHMOCTH OyIeT pa3aeadaTh 00JIaCTH, B KOTOPHIX KO-
repeHTHBbIe KOJIeOaHUs IMyYKa YCTONINBBI NN HEYCTONINBLI. B Teopun KOrepeHTHBIX KOJTe-
OaHuil My9YKOB TaKas KpPUBas HA3BIBAETCS TPAHUIEH 00JaCTH YCTONINBOCTH KOT€PEHTHBIX
KOJIeOaHuii.

[Ipexkjie yem 1epexojuTh K KOHKPETHBIM BbIYUCJIEHHSM Mbl 3aMETUM, YTO B 0OIIEM
caydae CABHTH YacTOT OETATPOHHBIX KOJIeOAaHMH YacTHI] MOJSIMA MTPOCTPAHCTBEHHOTO 3a-
psila MOTYT OTPEIeIsIThCs JTOBOTBHO CJIOKHBIMHU BBIpaykeHWsIMHU. MBI ympocTnM HaImmm
BBIYUCIEHNUS, TIPEJIIOJIOKIB, 9TO (DYHKIWS paclpeeseHns MydKa 0e3 KOTepeHTHBIX KO-
JnebaHuil onmpeensaeTcs BhIpazKeHneM

1 Jo I
o= exp [ -2 — ¥ ) (2.37)

a pgexey P 2¢,  2ey

rje €; U €, — TOPU3OHTAJIbHBINA U BepTUKAIbHBIN SMUTTAHCH IydKa. Bo MHOrUX cirydasx
MbI Oy/IeM IpenoaraThb, YTo MOIEePeYHOe CeYeHne MydKa, ABIAETCS TaKUM IJIOCKAM, 9TO
BBLIIIOJIHAETCA HePaBeHCTBO €, > €,. Torja ¢ABUr 4acTOT TOPU30HTAIbHBIX U BePTHKAJIb-
HBIX OETATPOHHBIX KOJIEOAHUH YACTHUIL 32 CUET IIPOCTPAHCTBEHHOIO 3apsjia MydKa MOTYT
OTIPEIENIATHCS CJIeTYIONUMI MTPOCTHIMA BBHIPAYKEHUSIMMU:

1—e™® J
Q,(Jy =0,Jz) = WAV, ———, o= —— 2.
(Jy 0 J) WoAV], - T 261, ( 38)
1 X X
Q,(J, = 0,J,) = woAvy, Iy <§> exp (—5) , (2.39)

rae I, (z) — ynknusa Beccesst MEIMOTO aprymenTa nopsiika n, a

Ne? A Ne?y\/Vao/Vyo (2.40)
—  Avp, = —————— .
2mpovy2e,’ Y 2mpovy?, /€€y

— COOTBETCTBYIOIINE 3HAUYEHU S KYJTOHOBCKOTO CJABUTA YACTOTHI Y YKa, JJIS TOPU3OHTATHHBIX
U BEPTUKAJIBHBIX KOJICOAHMUIA.

AVL:L" =
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2.2.1. Xpomarudeckoe 3aryxaHme Jlapgay

N3yunm cHadasa JeiicTBUe ToJieil TPOCTPAHCTBEHHOIO 3apsiaa IMydKa Ha (opMy rpa-
HUIBI 00JIACTU YCTORYUBOCTH JIJISI CJIydast, KOTJAa HeyCTONINBbIe KOrePEeHTHBIE KOJIeOAHMs
My4Ka CTaOUIM3UPYIOTCS pa3dpocaMu JacTOT M3-3a pas3dpoca HUMIYJILCOB B mmydke. [l
9TOr0 MBI TojicTaBsgeM B (2.36) 3uadenus a, = 0 u b, = 0, 9TO NPUBOAUT K yPABHEHUIO

Qup(A®,, 4 10)

’ g Q. (Aw,, + i0) ( )
JIJIST TOPU30HTAIBHBIX KOM€PEHTHBIX KOJIEOAHUI U K ypaBHEHHIO
Aw,,, + 10
Qnn=Aw,, — ngp( +i0) (2.42)

Qy(Aw,, +10)

JIJIST BePTUKAJIBHBIX Kojiebanuit. 13 sTux ypaBHeHUit MOXKHO BHETH, 4TO (popMa T'paHu-
bl 00JIACTH YCTOWYHBOCTH, €€ IyBCTBUTEIbHOCTH K BO3MYIIEHUSIM, OOYCIOBIEHHBIM TPO-
CTPAHCTBEHHBIM 3apsJIOM IIy4YKa, & TaKzKe BeJUYNHBI MOPOTOBBIX YHCE YACTHUI B IyUKe
BOOOIIE 3aBUCAT OT BUJA (DYHKIUU PACIpPejiesieHus IIy4Ka 110 uMily/jibcaM dacrtuil. [lis
OIIEHOK, B KQUeCTBe TaKOTO paclpeesieHns] YacTo Ucroab3yercs ¢gpynknus Jlopenna

p(Ap) = n( !

- 2.43
Ap2 + O—g)’ ( )

rJie BeJIMuuHa Op Oupesesiser pastpoc uMily/ibcoB B myuke. [lojcranoska p(Ap) B Moju-
dunuposanubie dbopmynst (2.30) u (2.31) gaer

00 afy [ dAp
o= | dldI =2
© /0 Y oI, /_OO n(Ap* + 02)(Aw,, — gAp +m, Q. (1))
= — [ d1,dl, L S =
o, Jo T Ao + 00 + maQu (1) 1910
n
- ofo [ ApdAp
o= | dldl I, =2
Qe /o ! oI, /oo n(Ap? + 02)(Awy, — gAp 4+ mQ.(I))
o I, I,
— i [ ari, 0Jo/0

lgl Jo (Awy, + 10w +m,Q,(I))

[Tosromy Qup = 1(90,/|g|)Qx, a ypaBuenne (2.41) 3auucsiBaercs B Buje
Qpn = AWy, + 0w. (2.44)

OHO B TOYHOCTH COBIIQJIA€T C YPaBHEHUEM, BBIYHCICHHBIM JIJIsI JIOPEHIEBA Paciipe/ieie-
HUA UMIIYJIHCOB B IMMyYKe IMPU MMOJIHOM MTI'HOPpUPOBAHUU ,ILefICTBI/IeM Ha YaCTUIbl CUJI TTPO-
CTPAHCTBEHHOTO 3aps/Ia MyJYKa. JTO ABJIEHNe CHeuMUIHO 1718 MOJeseil, NCIOIb3YIONNX
JIOPEHIIEBO PACIIPE/IeTIEHNE UMITYTHCOB.

B GoJiee peasiuctudeckoMm ciydae rayccoBa paclpe/le/IeHus UMILYJIbCOB B ILy4Ke

1 Ap?
p(Ap) = oo, P (—2—02) (2.45)
p p
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n JaJ1d Halei MOZeJIA ILJIOCKOI'O IIYyYKa IIhIieM

o0 oo ApdA —Ap* /20
Qe [ O [ Ao (A7)
0 Ol J_ oo V210, (A®,, — gAp + M, Q. (1))

o0 * d —u?/2
= —Opﬁx/ dmxe_x/ - uexp (~u’/2) (2.46)
0 oo V2 Aw,, — du + M weAVL, D, ()

€x /°° . [ du wexp (—u?/2)
=— dxxe .
lgl Jo oo V20T Zm — YU+ Mpq Py (x) + 10

Baech ¥ = g/|g|, zm = Awy,/dw, ¢ = WAV, /dw, @, (x) = (1 — e ) /x u UCHONAB3OBAHO
IPEATIOJIOKEHHE O TOM, UTO €, > €,. AHAJTOTUYHO HAXOAUM

[ . [ du exp (—u?/2)
o= | dvve™ . 2.47
< 9] Jo oo V21 2, — YU + MpqP,(x) + 10 ( )

Ompenenns 6e3pa3mMepHyIo mepeMennyo ¢ = €, ,/0w, mepenuiiem ypaBHEHHE IDAHUIHI
00J1aCTH YCTORYNBOCTH TOPU30HTAMBHBIX KOT€PEHTHBIX KOIeOAHMIT B C/IeIyIOIIEeM BHJIE:

L=z, — X—Q“’(z’”). (2.48)
Qu(2m)

Cormacuo ypasaenusiv (2.46), (2.47) u (2.48) mosokeHns rpaHul; 0O6JACTH YCTORIUBO-
CTHM HE 3aBUCAT OT 3HakKa Y. 3ydas X0J KpUBBIX Ha PUC. 1, HAXOAMM, 9TO JJId IIY4Ka C
rayCCOBBIM PACHPEICTCHUEM UMITYIbCOB BJAUSHEE TOJIeH MPOCTPAHCTBEHHOTO 3apsaia Cy-
MIECTBEHHO BJIUSECT HA BEJTUYUHY TTOPOrOBOTO YUC/IA TACTHUIL B ITyUKe, HA (GOPMY TPAHUIBI
061aCTH YCTORYMBOCTU M HA MOJOKEHHE I'PAHUIBI OOJACTH YCTONYHBOCTH OTHOCUTE/ID-
10 ocu ImC. B wacTHOCTH, BBICOTA TPAHUILI YMEHBINACTCH, & €€ IMIHPUHA YBEeTHIABACTCS
IIPU yBEJIMYEHUH BEJIMYMHBI KYJOHOBCKOIO CJIBUTA IyuKa. Takoe m3MEeHEeHHue KyJOHOBCKO-
ro CJBUIa MOXKeT ObITh OOYCJIOBJIEHO, HAalpuMep, OxXJjazKjeHuem mnydka. [Ipu ycuyienun
IPOCTPAHCTBEHHOTO 3apsi/ia MydKa TPAHUIA 00JaCTH YCTORIMBOCTH CABUTACTCS BIEBO OT
ocu ImC. AHajoruuHbIe BHIYHUC/IEHHS, BBIIIOJHEHHBIE /I BEPTHKAJIBHBIX KOI'€PEHTHBIX
KoJiebaHuil, IIPUBOAAT K TPAHUNAM OOJACTH YCTOWIMBOCTH, M300pPAyKEHHBIM HA PHC. 2.
Xora dpopMa 3TUX KPUBBIX U OTJIMYAETCS OT M300PasKeHHBIX HA PHUC. 1, OHU MOKA3BIBAIOT
II0XOZKee [OBe/IeHIe [IPU yBeJIMUeHnn napamerpa Avy,. 3aBUCUMOCTH IIOPOrOBOIO YHUCJIA,
YACTHUIL B MyYKe OT BEJUIHHBI KYJOHOBCKOTO CABHTA YACTOTHI ONPEIENSIIOTCA COOTHOIIE-
HUSAMHE JeHCTBUTETbHON U MHUMON YacTeil nMIleJaHca, BO3MYIIAIONIEro KoiebaHus Iy IKa
(mampumep, Ha puc. 1 u 2). Eciau geiicrBuresibHas 9acth Z | (0) Majia Tak, 9TO BBIIOTHEHO
HepaBeHCTBO (€2, [ > |Q7 |, TO mpH yBeMdYeHnH KyJTOHOBCKOTO CIBHTA JACTOTHI TaK-
7K€ YBEJIMYMBACTCs MUPUHA IpaHuibl obsactu ycroiausoctu. CrieqoBaTe/bHO, TOPOro-
BOE YUCJI0 YACTHUIL B IyYKe MOKET BO3pacTu. FC/m ke BBIMOTHEHO 00paTHOE HEPABEHCTBO
9, .| < |7, ], TO yBenmdenne KyJOHOBCKOTO CABHTA WACTOTHI yMEHBINACT 3HAUEHIE

m,n

IIOPOIroBOI'oc 4HucCJjia YaCTHUIl B IIy4KeE.

2.2.2. BuamgHue KyOmdeckoii HeJIMHETHOCT (POKYCHUPOBKU

B Tex cayuagx, Korma pa3dpochl 9acTOT B IyYKe ONPEIeTdi0TCs KyOHUecKoir HeJn-
HEHHOCTHIO (DOKYCUPOBKH U HEJIMHEHHOCTHIO CHJI IPOCTPAHCTBEHHOI'O 3apsi/ia, U3MEHEHUSI
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08l
06k
& o4l
IS _
02k
00}

Re(?)

Puc. 1. I'panrura o6actu ycTONIUBOCTH TOPU3OHTAJIBHBIX KOTepeHTHBIX Kosebanuii. Koebanus
YCTOWYUMBHI TI0JT TPAHMYHON KPUBOM, TayCCOBO PacIpe/ieieHre NMITYJIhCOB, cBepxy BHU3 ¢ = 0, 9,
10um 15; my =1

dopm rpanui; 00JIACTH yCTORYMBOCTH KOT€PEHTHBIX KoJiebaHWil 3aBUCIT OT 3HAKOB I1a-
pameTpoB a. u b, B dbopmyse (2.20). Mbl ympocTuMm BHIYHCIEHHUS, UCIOJIL3YsST y7Ke 00-
CYZK/JIaBIIYIOCS MOJE/Ib IIJIOCKOIO IydKa, B KOTOpoil Aws = —wob.J,, a Q, onpenensgercs
dbopmyoii (2.39). Pacnpesenenue uMITyI5COB B IIyUKe IIPEANOIAraeTCs raycCcoBbIM. [Iist
IPOCTOTHI MBI TaKzKe ImpeHeOpexkeM paszdpocaMy 4acToT OeTaTPOHHBIX KoJaeOaHWil m3-3a
xpomarudnoctu (g = 0). B makux npe/onoKenusx ypaBHeHne IpaHuiibl 00J1acTH yCTO-
YUBOCTH, HAIIPUMED, BEPTUKAJIHHBIX KOM€PEHTHBIX KOJICOAHWUI 3alUCHIBACTCS B BUJIE

C=2zm+ myx%, ImAw®,, > 0, (2.49)

Y

vae = be/|be|, 00 = |belex, ¢ = WAV, /W, 2y = Aw,, /S0,

o xe "
@ /0 o my [xz + q®(z)] + 40 (2.50)
o e—,]]
—— [ 4 , 2.51
@ /0 S my [z + q®(z)] + 40 (251)

®(z) = I (g) exp (_g) . (2.52)

Ecam b. orpunarenbHo, 9TO COOTBETCTBYET MOHOTOHHOMY YBEJIMYEHHIO 4aCTOTHI BEPTH-
KaJIbHBIX OeTATPOHHBIX KOJIeOaHWii 4aCTUIl, TO TPAHUIA 00JACTH YCTORYUBOCTH HATIOMU-
HaeT Ty, YTO HOJYYaeTCs i HOPMAJIBHOTO IIyuka. JleficrBue mosieil mpocTpanCTBEHHOIO
3apsijia BIPAyKAeTCd B CABUIE TPAHUIIBI 0OJACTH YCTOHUNBOCTH BJIE€BO, B HEGOIBIIOM YBe-
JIUYEHUH BBICOTHI TPAHUIIBI ¢ POCTOM KYJIOHOBCKOTO CABHIA YACTOTHI U B 3HAYATETHLHOM
YBEJIMYEeHUH [IHPUHBI TPAHUYIHON obJjactu (puc. 3).
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Puc. 2. To xe, aro Ha puc. 1 1is1 BEPTUKAJIBHBIX KOTepeHTHBIX Kosiebanuit. Kosiebanus ycroituun-
BBI I10/] TPAHUYHON KPHUBOii, TayCCOBO paclpejesieHrne UMITyJIbCoB, cBepxy BHU3 ¢ = 0, 5, 10 and
20; my =0, my =1

B nporuBonosoKHOCTH 3TOMY, €Cau b, mosIoKuTeNbHO, TO 06e dynkuun dw(J,) un
—Q,(J,) orpunarenbusl. B TakoMm ciaydae CIBHI 9aCTOTHI BEPTHKAJLHBIX OETATPOHHBIX
KoJiebaHMil YacTHI] ABIgeTCsS MOHOTOHHOM (hyHKIHEi J, TOJIbKO B TeX 00JIacTAX IapaMeT-
POB, IJie BeJTMYMHA KYJIOHOBCKOTO CJIBATA YACTOTHI MY4YKA JOCTATOYHO Maja (HampuMmep,
puc. 4). IIpu 5170oM hopMa rpaHuIibl 06TaCTH YCTORYNBOCTH KOTEPEHTHBIX KOJIeOAHUH HATIO-
MUHAET BBIYUCJIEHHYIO B IPEHEOPEKEHUN JIEHCTBUEM CHUJI IIPOCTPAHCTBEHHOTO 3aPsi/Ia, Iy -
ka. CamMo feiicTBHE MPOCTPAHCTBEHHOTO 3apsi/ia MydYKa BBIPAYKAETCS B HEKOTOPOM C/BHUTE
IPAHWYHBIX KPUBBIX BJI€BO (HAampuMep, JBe MpaBbIX KPUBBIX Ha puc. b). s 3amanuoro
HOJIOZKUTETLHOTO 3HAaUYeHus b, ¢ pOCTOM BeJTUYUHBI KYJTOHOBCKOTO CIBUTA YACTOTHI IyJIKA
B okpectHOCTH Hadaaa KoopauHat (0 < J, < Jyay; Hampumep, cerment ABC na puc. 4)
HOsBJIIETCS 00J1aCTh, B KOTOPOW PE30HAHCHOE YCJIOBUE

Zm + my [xr + qP(z)] =0 (2.53)

BBIIIOJTHSETCS JIJIsl JIBYX 3HAYEHUIT aMILIUTY/ OeTaTPOHHBIX KOJIeOAHUN. DTO HPUBOJAUT K
MOSIBJIEHUIO HA KPUBO# I'PAHUIIBI 00JIACTU YCTORYMBOCTU KON€PEHTHBIX KoJieOaHuil IrpoBaJia
npu GoJIbIINX OTpUNATeIbHbIX 3HaueHusix Re(Q). [uybuna 3roro nposajia yBeMunBaeTCsI
C POCTOM BeJHYUHBI KYJOHOBCKOIO CJIBHTa YaCTOTHI ydka (puc. 5). [locsie npoxoxK qens
npoBaJja (opMa I'paHHUIBI 00JACTH YCTONYNBOCTH BO3BpAIlaeTcd K HOpMaJbHO. B 3Toii
XBOCTOBOH 00JIACTH I'DAHUIBI PE30HAHCHOE ycioBue B (2.53) CHOBA MMeeT €MHCTBEHHbIT
kKopenb. [locko/ibKy KojieO0aHus yCTOWYNBBI HUKE IPAHUYHON KPUBOI, OITUCAHHBIN TTPOBAJI
HA KPUBOI TPAHUIBI 00JIACTH YCTOWIUBOCTH COOTBETCTBYET 0COOOMY PEKUMY KOJIeOaHMIT,
KOI'/Ia 3HAK JeKpeMeHTa 3aTyXaHud JlaHmay cTaHOBUTCS OTPHIATEIbHBIM. JTO O3HAYAET,
4TO JlelicTBUe pa3bpoca 9acTOT KOoaeOaHwil JacTUIl MPUBOIAT K aHTU3ATyXaHuio Jlanaay.
Komnencarus Takoro aHTH3aTyXaHUS MOXKET 00eCHeYNBATLCS MOMABICHUEM HEYCTOWYN-
BbIX KOT'€PEHTHbIX KO/Ie0aHUil HaBeIeHHBIMHU I1YYKOM HOJIIMU. Takas BO3MOXKHOCTb U OIU-
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Puc. 3. I'panumna o6/1acTu yCTONINBOCTH BEPTUKAJBHBIX KOTEPEHTHBIX Kojebauuii. Kosebanus
YCTOMYMUBBI HU2KE I'PAHUYHON KPUBOIL, rayCcCoOBO paclpele/leHue UMIYJIbCOB, C/IeBAa HAIIPABO ¢ =
20,10, 5,0; x=—-1,my =0, my =1

CBIBAETCS MPOBAJIOM Ha KPHUBOU TPAHUIBI O0JACTH YCTORIUBOCTU. B MpOTHBOMOIOKHOCTH
OOBIYHBIM CJIydasiM 3TO AHTU3ATYXaHUE SBJISETCS Pe3yJIbTaToM ODIIero JedcTBus u3Me-
HEHUsI KOI'€PEHTHOI'O CJIBUTA YaCTOThI MOJISMU ITPOCTPAHCTBEHHOIO 3apsi/la U TOSBJICHUS
HECKOJIbKUX KOPHeii B pe3oHaHcHOM ycaosnn Jlaumay B dopwmyae (2.53). Hanpumep, anTu-
3aTyXaHue MPOMAJIAET, eCTH Mbl OIYyCTHM B IEpBOil CTPOKe ypaBHeHus (2.28) ciaraemoe,
nponopIroHaabuoe m, <, (1).

Konkpernbie 0coOOeHHOCTH OIIUCAHHOIO aHTU3aTyxanus Jlanjay KorepeHTHbIX KOJeba-
HU [IYyYKa C CUJbHBIM HPOCTPAHCTBEHHBIM 3apsJ0M MOT'YT 3aBUCETH OT (POPMbI IOIe-
PEYHOro ceveHus Mydka. B KadecTBe Nmpumepa pacCMOTPHUM IpocTeinuil ciaydail, Koraa
dyHKIU pacupeesieHns MydKa B CTAIHOHAPDHOM COCTOSHUH OIPe/IeISIeTCs BhIpaXKeHneM

1 Je+J
y
fo=—0(Ap)exp | ——— ] . 2.54
1.0(4P) 5 (2.54)
Ecin Takike mpeanonoKnThb, 910 Bayzs = Pavy = Pav, TH€ Pay — CpenHee 3HaUYeHUE [
GyHKIINI B KOJbIE, TO TakKas (DYHKIWMS PacIpeeeHHs OIMUCBIBACT IIYUIOK C KPYIJIBIM
IIONIEPEYHEIM CeUeHNEeM C pa3MepaMu 0, = Oy = 0, 0 = \/€Pq,. [elicTBue momeit mpocTpan-
CTBEHHOI'O 3apsiJla TAKOIO 11y4YKa HA YaCTULbI HIPUBOAUT K CABULI'Y YaCTOThl BEPTUKAJIbHBIX
OeTaTpOHHBIX KOJIeOAHUI

Q, (1) = weAvLD(J,, J,), (2.55)

riae Avy, onpezeseno B (1.14), a

O], J,) = /01 dt exp (_M> I (ﬁ> (2.56)

4e 4e
x | [ M — 1T M
O\ 4¢ U\ 4e ’
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Puc. 4. 3aBucuMocTb C/IBUTa YaCTOThl BEPTUKAJIBHBIX OETATPOHHBIX KOJIeDAHUI YacTHll 0T & =
Jy /€. Bepxusig kpusas: ¢ = 2, aukuss: ¢ = 6, be > 0

['panuna 06,1acTH YCTONUNBOCTH BEPTUKAILHBIX JTUIOJIBHBIX KOTePEHTHBIX KOJIeOanuii Ta-
KOI'O IIy4YKa olpejesisiercs ypasaenuem (m, = 1)

@:zm—x<h%—y;’—%y;), h:Z—:. (2.57)

3mech % = b./|b.|, Bce caBuru 4acTor u3MepsIoTcsa B euHuIAX 00 = Wo|b.|€, v = J,/(2€),
Y= Jy/(2€)7

Ood d er_(y‘f'l')
_ : 2.58
Ouy /0 Y o — n(hy — ) + q®(2/2,y/2) + i0 (2.58)

o —(y+z)

yxe
e = dxd —, 2.59
Qu= | oty T (2:59)
a

ood d pe 2.60
Qy_/o Y e = a(hy — @) + ®(x/2,y/2) + 0 (2.60)

Hecko/1bKO 11puMepOB KPUBBLIX I'PAHUIBI 00/1ACTU YCTOWUYMBOCTHU JIJIsi TAKOI'O Iy4YKa MOKAa-
3aHbl HA puc. 6. CpaBHeHHE STUX KPUBBIX ¢ W300PAKEHHBIME HA PUC. D MOKA3BIBAELT, UTO
OIMCAHHOE SIBJICHWE aHTH3aTyXaHus Jlanjgay mpucyTCTBYeT W Yy KOT€PEHTHBIX KOJIeDaHwmii
MyJYKa KPYIJIOTO CeYeHHs, HO OHO TOSBJIAETCS TPHU OOJTBIINX 3HAYEHUSX KYJTOHOBCKOTO
C/IBUTA YAaCTOTHI TydkKa. ONHCaHHOe fBJIEHWe AHTU3ATyXaHUs KOTePEHTHBIX KoJeOaHuit
MOZKET JIONOJHUTEJIbHO OTPAHUYNBATD JOCTUZKAMBIE 3HAYEHUdA KYJOHOBCKOTO CJABUTA 4Ya-
CTOTHI IIPA OXJIAZKJICHUN MOHHBIX Iy YKOB.
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Puc. 5. To xe, uro na puc. 3, Ho ¥, = 1. CyeBa nampaso ¢ =6, 4, 3, 1, 0; m; =0, my, =1

2.3. Cnekrpsl nryma 0eTaTpOHHBIX KOJieDaHUii MOHHOTO
Iy 9Ka

OHuM U3 €110co60B ONpe/Ie/IeHNsl TPAHUII 001aCTH YCTORYNBOCTH KOT€PEHTHBIX KO-
Je6aHuil MOHHOTO IIy4YKa MOZXKET ObITh M3MepeHHe T. H. MOINMHOCTeil U CIeKTPOB IIyMa
ero JIMIOJIbHBIX KOrepeHTHbIX Kosebanuii ([11]). B omindme oT momepevHbrx KOrepeHTHBIX
Kos1e6anuil, BO30YK/IAeMbIX BHEITHUM YJapOM YACTHUIL MYUKA 33TaHHBIME HOMEPETHBIMA
IOJISIMH CIEIUAJIBHOIO yeTpoiicTBa — siediiekTopa, KouebaHusl IydKa MOIYT CIOHTAHHO
BOBHHMKATD 32 CYET, HAIIPUMED, TEIJIOBOTO JIBUKEeHUs 9acTull. [I0CKOIbKY TaKOe JIBUZKEHHE
HOCUT XaOTHYECKHIl XapaKkTep, aMIUIATY/Ibl i (a3bl MOABIISIIONUXCS KOPePEHTHBIX Kosteha-
HU# SIBJSAIOTCSI CITydaiiHBIMU BeJIMUAHAMI KOODJNHAT YacTUll B pa3soBOM HPOCTPAHCTBE U
Bpemenn. OHI OMUCHIBAIOT (DJIYKTYAINH OHOYACTHIHOM (DYHKIINH PACTIPEICTCHUS TEILIO0-
BBIM JIBUZKEHUEM YACTHIL U COCTABJISIIOT KONePEHTHBIH uin (uryKTyaruoHnbiii (hoH 1ryuKa.
Kak u cucremarnveckue nonepednbie KorepeHTHbie Kosiebanus, (hJIyKTyalun JUnobHOro
MOMEHTa Iy9Ka MOTYT ObIThb M3MepeHbl Jud dbepeHnnajibHbpIME IuKan-31eKTpojamu. Ta-
KHe CHPHAJIBl HOCAT CJyvailHblil Xapakrep. VX cpejHue 3HAYeHUsS [0 BPEMEHH, HJIH IO
KOOpJIMHATAM YacTull B ha30BOM MPOCTPAHCTBE, PABHBL Hy/T10. [1oaToMy, eciu, Hanmpumep,
AMILINTY/Ia CUTHAJIA ONUCHIBaeTCs BeuduHoi X (f), TO u3MepseMbiMu BeJMIMHAME OKa-
3BIBAIOTCS CPEJIHUE 3HAYEeHUsI NPOU3BeIeHui Besinunabl X B 33/ aHHBII MOMEHT BPEMEHH
WJIM TAKUX MPOU3BEJIEHNI B HEKOTOPBIE PA3JIMIHBIE MOMEHTHI BpeMenn. Ecu yepeanasercs
BesmauHA X2, TO U3MepsieMOil BEeJMIUHON SBIACTCS MOIIHOCTD IIyMa Bequmanubl X . Bo
BTOPOM CJIydae U3MEePSIOTCs KOPPEJISIUU 3HAYeHU{i BeTMIuHbl X B PA3TUIHBIE MOMEHTHI
Bpemenu. st 1. H. cranuoHapHubix 1mymoB @Pypbe-o0pa3 Koppe/isiTopa

K() = (X)X (t+1)) = %/OTX(t)X(t +1)dt (2.61)
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Puc. 6. To e, 4ro Ha puc. 5, HO JJIst IIy4Ka ¢ KPYIVILIM [OLEPEYHbIM cedeHueM (0p = Oy = 0);
ciesa Hampaso ¢ = 15, 10, 5, 0; x = —1, h = 0.5, m; = 0, my =1

onpejeisier ciekTp myma Beaundunabl X . Kak BujgHo n3 onpenesnennst (2.61), s yener-
HOTO TTPUMEHEHUST TAaKUX TPOIEYP B pacueTrax U B U3MEPEHUsIX MAcHITabbl BpeMeHHU, Xa-
pPaKTepHbIe I MaKPOCKONUYECKHUX IIPOIECCOB B IMyYKe JIOJKHBI 3aMeTHO ITPEBBIIIATD
MacmTabbl BpeMeHH, XapaKTepHbIe JIJIsT MUKPOCKOMUYECKUX TPOIEccoB. B Takux ciaydaax
rOBOPYT O CYLIECTBOBAHUU B 33/la4e MepapXUU BPEMEH.

C pocrom umc/ia 4acTHUI| B IIyYKe WJIM C YMEHbIIEHHEeM B HeM pa30POCOB 4acTOT Xa-
PAKTEPUCTUKU TAKOTO TyMa CTAHOBATCS YYBCTBUTEJIHHBI K OCOOEHHOCTSIM KOTE€PEHTHBIX
KoJebaumil mydka. MomHOCTH ITyMOB Iy YKa, BOOOIIIe, YBEIUINBAIOTC TPU TPUOIAZKEHUT
napaMeTpoB IYYKa W MOMEePEeYHOTO WMIIeIaHCca K TPAHUNAM OO0JACTH YCTOHYUBOCTH MOJ
KOI'epeHTHbIX KoJieOanuit. Mbl 11epexojuM K BbIYUC/JIEHUIO OCOOEHHOCTEN CIIEKTPOB L1yMa
JIMTIOJIbHBIX KOJIe0aHUl MOHHOIO 1y4Ka, OOYCJ/IOBJIEHHBIX BO3MYIIEHUSIMHU KOJIeOaHuil da-
CTHII TIyYKa €ro MpOCTPAHCTBEHHBIM 3apsaoM. /ljis 9TOTO MBI BOCIOJIB3YEMCS METOIOM
MHKDPOCKOIIYeCKOi (azoBoii mioraocTH, npeioxkenusim FO. JI. Knumonorosuuem [12]
(omucaHue MPUMEHEHUsT STOr0 METOJA JJisl MYYKOB B HAKOIUTENSIX MOXKHO €Ile HANTH B
kuure [2]).

[Ipumenenue 3TOr0 MeTo/Ia OCHOBBIBAETCS HA BBIYMCJIEHUSX T. H. MUKPOCKOIUYECKON
JIOTHOCTH my4Ka B (paszoBoMm npoctpanctse . Ona onpejessiercs: Kak cymma O-yHKImit
Ha TOYHBIX TpaeKTopusax dactun nydka. Oyukuus D (I, {,Ap, ¢, t) yaoBaeTrBopser ypas-
HEHWIO HeMpepPLIBHOCTU B (ha30BOM mpocTpaHcTBe. [locKOTbKY TOUHBIE TPAEKTOPUN B3au-
MOJIEHCTBY IONIUX YACTHUIL HE U3BECTHDI, MIHOBEHHOE 3HaueHue miaotaoctu D(1,\, Ap, d,t)
3alUCbIBACTCS B BU/JIE

D:Nf(l’waApaq)7t)+6D<]71P7Ap7¢’t)7 (262)
r71e 10 OIpe IeJIeHUT0 .
f =+ (DU Ap.0.1) (2.6
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— opHOYACTHYHAS (DYHKIUS PACHPEICTCHUS Iy KA, CKOOKH (. . .) 0603HAYAIOT CTATUCTUYE-
CKO€ yCPe/IHEeHHeE 110 TIIyMaM IIy4YKa U 110 IIyMaM CUJI, JIeHCTBYIONINX HA YACTUIIbI, BEJININHA
0D omnuceiBaeT KorepeHTHbIe (DIYKTYAIUN TyIKa U3-3a, HAIPUMED, TEIJIOBOTO JIBUZKEHUS
JACTHUI[ WK 3a CYeT JAPYTUX MIYMOBBIX mporeccoB. [lo onpenenenuio, ans dyukmnun 8D
BoInOsTHsIeTCst ToXKIecTBO (D) = 0. Cornacuo onpeenenusym D u f seanunna 0D sBiis-
eTCcs CUHTYIAPHON (DYHKIMEH KOOPINHAT YAaCTUILI B (ha30BOM mpocTpaHcTBe. OHA TakKe
saBJjgercsd ciaydaiinoit dpyukiumeit Bpemenu. [lo srum npuunnam usudeckuit cMbIC nMe-
10T He camu 3nHadenus 0D, a T. H. MOMeHTBI OL), KOTOpBIE OINpPEIENsIOTCS KaK CPeJHIe
IPOU3BEJICHUN CydaflHbiX Besimaut O, OTHOCSINMUXCS K PAa3JUIHBIM TOYKaM (a30BOro
OPOCTPAHCTBA W K PAa3JIMIHBIM MOMeHTaM BpeMeHu. Hampumep, 310 MOTyT OBITH BeJd-
anabl (0D (1,t1)0D(2,t5)), (0D(1,t1)0D(2,t2)0D(3,t3)) m 1. x., rye mepBbie MudpH B
aprymentax D o6o3nagaror HaOOPbl KOODAMHAT 4acTull B (Hha30BOM MpocTpaHcTBe (Ha-
upumep, 1 = {I,4,Ap, ¢}). MomeHTHI BbIparKaroTcsi 4epe3 KOMOMHAIINYE OJHOYACTUIHBIX
dbyukuumit pacnpegenenus f(1,\, Ap, ¢, 1) u yepe3 pasauuHbie KOMOUHAIINN KOPPEIAITOH-
HbIX (DYHKIMI MydKa (HEKOTOPBIE IPUMePBI TAKIX BHIYUCIEHUI MOKHO HaliTu B KHHUre|2|).
Jlng Hammx meseit BayKHO 3HATH, YTO HUKe MOPOTOB HEYCTOWYMBOCTEH KOT€PEHTHBIX KO-
JebaHuil IyM IIy4YKa 4acTO MOYKET PACCMATPHUBATHCH KAK CTAIMOHAPHBIHM, Jijisi KOTOPOTO,
nanpumep, kKoppeaarop (0D (1,t1)0D(2,t,)) asasercsa dynkuueit pasnocrn t; — ta, a Tak-
JKe TO, 9TO JIJIsi THIHYHBIX o0JIacTeil mapaMeTpoB MyYKOB B HAKONMUTEISIX Beqndnny O
MOZKHO BBIYHCJIATH, IpeHebperas TPONHBIMU U 00Jiee BBICOKIMU KOPPEJIANUIMA B JIBUKe-
HUSX JACTHUIL Ty4dKa. B Takux npe/mnonoxennsax HyHkus 8D yIoBIeTBOpseT YPABHEHHUIO,
KOTOpOe 110 (hopMe coBLAJAET ¢ JIMHeAPU30BAHHBIM ypaBHeHueMm Biiacosa (nanpumep, B
21).

Ecaw npeinmosioxknTh, 9T0 BO3MYIIEHHs KOJIeOAHNH 9aCcTHIL CHJIAMA TPOCTPAHCTBEHHO-
IO 3apsia ONpeeIIIOTCS BhIPAKeHUIMM

OF,
ﬂ@—éﬂQﬂﬂﬂﬁfﬁ%@—éﬂQﬂgj
u F,(y —0d(,t),z) ~ F.(y,x), vae
5d(6, 1) — % / dApdL yOD, (2.64)

a TaKzKe 49TO HeCﬂy‘{aﬁHble KOI'€epeHTHbIC KoJIeOaHUS B IIy4Ke HE B036y)KIL€HbIZ

f = fo(I)p(Ap),

TO ypaBHeHue g 0 3aluChIBACTCH B BUJIE

90D 9D 9D 9y 3 (N fo)
Oy OF, (N fo)

3ech O F, — cuita, BOMYIIAIONIAS IBUZKEHIE YACTUIL IIYYKa HOJISIMI, HABEJEHHBIMU (DITyK-
ryarueii 0D B OKPYKAIONIUX MyYO0K 3JIeKTpojaax. Vcnoab3ys anaaoruio ypapuennii (2.65)
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u (2.11), ycpenusist ypasaenue (2.65) 110 nepuojy oOpaieHus YaCTHIl U BbIIOJHUB B 110-
JlydeHHOM ypasHenun Pypbe npeodpa3oBaHue 110 BPEMEHH, MOy YUM
10D, (I, Ap,0)
(Aw,, — gAp — monog(I) +m,Q, (1))
[Qm,n + myQ([)] V p Ap af()

0D n(1,Ap, @) =

_ 2.66
Aw,, — gAp — myAws(I) +m,Q,(I) dl, (2.66)
X /d]'dAp’ 1Dy (I', Ap', ),
rae
d(l) fz(ut
8Dl Ap.t) = [ 278D (1, Ap,0), Ime >0, (2.67)
a 0D, (I,Ap,0) = 8D,, ,(I,Ap,t = 0). [lepenucas ypasuenue (2.64) ana Oypbe amiuim-
YA
O n(A®y,) = dAp | dI 0D n (1, Ap, 2.68
w N/ b fan g p.o) (2.68)
u mojicTaBuB B Hero 0D, (I, Ap, (2.66), noyunm
i8 Dy (I, Ap, 0) /577~
8,y 0 (A, :—/ dAp/d[ v
nl ) N J o (Awy, — gAp — myAws(I) + m,Q, (1))
o0 (€2, + My Q(I)] [y%
—8d, (AW, dApp(A dl . ,
o) [ st [ T
wiu o
Odm/n(Aw,,)
8,y 0 (Aw,,) = oo Zm) 2.69
n(Awy,) e (A0 (2.69)

31ech BeIUUINHA

6d£2?n (Awy,) =

N atTen /cz[\/[_y (2.70)

. /°° " 8Dy n(1, Ap,0)
P A0 — gAp — myAws(D) + myQ, (1)

OIMKUCHIBAECT (DJIYKTYaIUu IEHTPA TSKECTU IyYKa, BHIYUC/ICHHbIE B ITPeHeOpeKeHun JIeii-
CTBWEM Ha YaCTHIBI HABEJEHHBIX TOJeH, & KOJJIEKTHBHAA PEaKIud NMydKa Ha 3THA TOJIA
ONACBHIBACTCA BEJIMINHON

_ Q. + myQ, (1)) p(Ap)1,(0fo/01,)
£ (Awm) = 1+ / ringgone TWRDRELOET ()
nJjin
Emn(A®,) = Q, (Qmm — Aw,, + g% + mywo <ac% - C%’””)) , (2.72)
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KOTOpas UMeeT CMbIC/I JU3JICKTPUUCCKOR IIPOHUIAEMOCTH IydKa. IIpu 3T0M ypaBHeHUe
Emn(A®,) = 0 coBIagaer ¢ JUCIEPCHOHHBIM YDABHEHHEM KOI€PEHTHBIX MOJ IydKa. B
9TuX ypasHeHusix GakTopsr Qy, Qyp, Qyy 1 Qy oupenensiorest popmymamu (2.30)—(2.33).
HamoMuum, 94To BCe 3TH ypaBHEHHUS 3aIMCAHDLL B IIPEINOJ0KEHAN O TOM, YTO KOMILICKCHAA
nepeMenHas Aw,, HAXOAUTCA B BepxHeii moaymiockoctu (ImAw, > 0). 3navenus GyHK-
uii B HUZKHER IOTYILIOCKOCTH A®,, MOJYyYar0TCa UX AHAJTATHICCKIM TPOTOIZKEHAEM.

CorsacHo obreii Teopun KorepeHTHbIX duykryanuii |12]| cnekrpajibHas MIOTHOCTb
HIyMOBOTO cUrHANA Od,y, () Brancsiercst no dopmysie

(8dm n)y = 1im 2A (8 (w +iA)dd;, (@ +iA)) . (2.73)

[Moacrasus cioga 0d, ,(Aw,,) u3 ypasuenuns (2.69), nosydaem

(50"

6dmn 3) = e s 2.74
( s ) |8m,n(A(Dm)‘2 ( )
rjie
(8d) )2 = lim 2A (8dY, (@ +iA)ddQ* (w + iA)) (2.75)
? — ’ El

— CIIEKTPAJIbHAS IJIOTHOCTH JUIOJBHOIO MOMEHTA [y UKA, BHIYMCIEHHAsI B IPeHeOPeKeHn N
ero KoJuteKTuBHOI peakiuedi (1. H. mym [[lorrku). Memonb3ya dopmyy (2.70)

1
(8dY)2 = ———— lim 2A / dl+\/T, (2.76)

© " 2Mmy N2 A0

y /OO dAp;
— oo A(Dm — gAp1 — myA(Dg(Il) + myQy(Il) + 1A
X /d[2\/[y2

9 /°° iy, (ODmah, Ap1, 003D, (12, Ap2, 0)
_ P2 Ao — gAps — myAws (1) + m,Q,(Iz) — iA’

(0.9}
0
HaXO/IUM, 9TO IJIOTHOCTH (6d5n)n)(2» BBhIpaKaeTcs Yepe3 OJHOBPEMEHHYIO JBYXUaCTUIHYIO

KOPPEJIAIMOHHY 0 (DYHKIIMIO HAYAJIbHBIX (DJIYKTYyAIUil B Iy YKe:
K(]-a 2) = <6Dm,n(-[1a Aplu O)aDm,n(]% Aan O>> .

Hwurke moporos HeycTOWYMBOCTH KOTE€PEHTHBIX KOJIEOAHUI TEeIIoBOE JIBUYKEHUE YaCTHI]
POZKJTaeT KOorepeHTHbIe (DJIYKTyalluu IJIOTHOCTU MydYKa B (pa30BOM IPOCTPAHCTBE CTATHU-
CTUYECKH He3aBHCHMO. B TepMIHAX MAPHBIX KOPPEIIIUOHHBIX (DYHKIIHI 9TO OIMUCHIBACTCS
caeayonuM (popMaTbHBIM COOTHOITEHUEM:

[ToxcraBus ero B dopmysty (2.76), BEIIOJHEB B 5101 hOpMYJIe OJHO W3 WHTErPHPOBAHHI
0 KOOP/IMHATAM YaCTHUIBI 1 WK 2, U BOCIOJIb30BABIIACH TOXKIECTBOM

. A
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1HOoJ1yHaeM
( ’IIL,n) NMUJyO 0 Yy 0( y) Cw p( ) ( )

X [Aw,, — gAp — myAws (1) + m,Q,(I)].

JI/1 9KCIOHEeHTMATLHOTO paclpefeeHusd JacTHIl M0 TepeMeHHbIM JIefiCTBIe BepTUKATb-
HBIX I TOPU30HTATBHBIX OETATPOHHBIX KOJIeOaHMit

dfo Jo
o _ _Jo 1 _y 2.
a]y .[y(]7 0 U€y> ( 80)
3amMedaeM, ITo
ImQ, (Ao, + i0) = Ii / dI1fo(I) (2.81)
0

X / dApp(Ap)d (Aw,, — gAp — myAws(I) +m,Q, (1))

00
u, Cj1eJ0BaTEJIbHO,

(50,2 = Pt (Aw,, +10), (2.82)
rae Pay = Ro/Vyo. LlomcraBus 910 Boipazkenue B (2.74), HAX0AUM

€yBav ImQy(Aw,, + 10)

8 n)? = :
(Ocm.n)u N |emn (Ao, +i0)|?

(2.83)

B stux dopmynax crnekTpajbHbIE IIOTHOCTH JUMOJBHOIO MOMEHTa IMYYKa ITPOIOPIHO-
HAJIbHBI MHOKHUTEIO €fq, /N. TloaToMy HuzKe MBI Oy/1€M TaKKe HCIO/Ib30BaThH Oe3pasMep-
HYIO BEJINYINHY o
0) \2
X, = (Bdmin)y (2.84)
(Bav/N)

Jutst mjumrocTpaiun AeficTBrsI CUJI TPOCTPAHCTBEHHOI'O 3apsija Ha (POPMY CIEKTpa Iiy-
MOB AUNOJIBHBIX KOT'€PEHTHbIX KO.He6aHI/H71 MOHHOT'O IMMy4YKa Mbl paCCMOTPUM CHeHHaJIbeIﬁ
ciiydaii, Korjga, HanpumMep, a. = b, = 0, a g # 0. B Takux npeamnoioKeHusax U JJis TOPH-
30HTATIBHBIX KoJlebaHuil ypapHenue (2.72) 3alUCHIBACTCS B BHUJIE

Emn(Awy) = (QLuun — Awy) Qs + 9Quyp. (2.85)

J171s1 IPOCTOTHI MBI CHOBA BOCIIOIB3YEMCsI MOJIEIBIO C IVIOCKHM IIYIKOM (€, > €,) ¢ rayc-
COBbIMHM (DYHKIMSAMEU PACIPEIEJICHNAs 110 AMILIUTY1aM OeTaTPOHHBIX KOJIeOAHMI U 110 UM-
nyjabcaM dacTuil. 3mepsisi 4acToThl B euHUIAX pa3dpoca 4acToT GeTaTPpOHHBIX KOJeha-
uuit dw = |¢|o,, mepenumtem ypasuenue (2.85) B dopme

8m,n<A(Dm) = Q:c(ts - Zm) + XQ:vpy (286)

rae § = Q,,,/0w, 2, = Aw,,/0m, x = g/|g|, a bynkuuu Q, u Q,, onpeenens Gopmyia-
mu (2.46) u (2.47).
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Aoomléoo

Puc. 7. CiexTpsl yMa JIUIO/IbHBIX KOT€PEHTHBIX Kostebanuii BOIM3M W, (B equHUIAxX Pay€s/N).
Xpomaruueckuii pazbpoc 4acTOT, YUCJAa OKOJIO KPUBBIX 33/1aI0T 3HaueHust ¢ = WAV, /dw, € =

—0.5+10.1

C yBeJMueHreM BeJIMIHHBI KYJOHOBCKOTO CIBUTA YACTOTHI MY UYKa () MAKCHMYMBbI CIIEK-
TPOB CJABUIAIOTCA 10 YaCTOTE B HAallpaBJICHHHM HadaJla KOOD/MHAT, aMILJIUTY/Ibl IIIyMOBOI'O
CUTHAJIa YBEJINYNBAIOTCA KaK B paiioHe UX MaKCUMyMa, TaK U B HU3KOYACTOTHBIX XBOCTaX
pacnpejesenus (puc. 7). Habaogaemoe yBendeHne aMILIUTY/Ibl CUTHAJIA COOTBETCTBYET
HpUOJIMZKEHUIO TapaMeTPOB IMydYKa K HOPOr'y HEYCTOHYMBOCTU KOI'€PEHTHBIX KOJIeOaHMil.
CrieKTphl, BHIYHUC/IEHHBIE B IPEHEOPEKEHNN KOJIJIEKTUBHBIMUA HABEJIEHHBIME MOJISMHE 1Ty 9-
Ka (puc. 8) JeMOHCTPUPYIOT Tpeodpa3oBaHue OT rayCccoBa pacipee/eH st YacTOT B Ty YKe

(Avy, = 0) k GoJiee MUPOKUM KPHUBBIM CO CMEIIEHHEM HX MAKCUMYMOB B 00JIACTH OTPHIIA-

TeJIbHBIX 3HAYEeHHN AW,,. 113 31X rpaduKoB BUIHO, 4TO MAKCUMYMBI B CIIEKTPaxX (Odmn )y

PACIOIAraloTCsl HECKOJIBKO BBINIE 9acTOT Aw,, ~ —moAvy,/2. Ecan Benuunnbt Avy, He
oveHb Besiuku (Hanpumep, ¢ < 5), 10 GOPMBI CHEKTPOB OCTAIOTCs OJIM3KUMU K IayCCOBBIM.

JleiicTBue KOJJIEKTUBHBIX TOJIeH Ha JIMIIOJIbHbIE KOT€PEHTHBIE KOJe0aHus Iy4dKa Mpu-
BOJIUT K erie 6ojiee CHIBHBIM U3MeHeHUsM (hbOPMBI CIIeKTpa Tryma (CpaBHUM, HAIPHUMED,
puc. 7 u puc. 9 WK CIUIOMIHYIO U MYHKTHPHYO JUHAM, OTMeYeHHbIe Ha puc. 9 nudpoii 0).

Taxyto 4yBCTBHTE/NBHOCTH CIIEKTPOB IIIYyMa JIMIOJBHOIO MOMEHTA Iy4Ka K JAeHCTBUIO
HA 9aCTHUIBI TO/I€fl TPOCTPAHCTBEHHOTO 3aPsi/Ia Iy YKa MOYKHO UCIO0JIB30BATD JIJIs MPSIMOTO
U3MepeHusT BeJININHBI KYJTOHOBCKOTO CJIBUTA YaCTOTHI HOHHOTO TydKa. [IpoBegenne Taknx
U3MEepeHHil CyIecTBeHHO obJierdaeTcs TeM 00CTOSATe/IbCTBOM, YTO OHO TpebyeT HabJI0/1e-
HUU JIAIIBb JUHOJTBHBIX KOJIEOAHWI MydKa W MOYKET OCYIIECTBIATHCS C HCIOJb30BaHUEM
OOBIYHBIX THKAI-3eKTPOI0B. /1 TakKuX m3MepeHmit MUKAN-3JeKTPOIbl B IepeIaioniast
CUTHAJIBI alIapaTypa J0JIZKHBI UMETh JIOCTATOYHO MIUPOKHE TOJIOCH IEPEJIadn M0 9acTo-
TaM Jijist obecriedennsi HabJIIO/IeHIsT U3MEPSIeMbIX CUTHAJIOB Iy4ukKa 6e3 ux nckaxkenwuii. [To-
CKOJIBKY Pe3yJIbTATOM TaKUX H3MepeHUil (DaKTUUeCKH SBJIAIOTCS paclpee/ieHue JacToT
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Puc. 8. CHeKTphI TTyMa JIETIONBHLIX KOTEPEeHTHLIX Kostebanmit BOIu3H Wz ((8dmn)2 B emmmn-
nax Pay€z/N), BblUNCIEHHBIE B TPEHEOPEKEHNY KOJIJIEKTUBHBIMI HABEJIEHHBIMU HOJISIMU 1y YKA.
Cnesa manpaso ¢ = 10, 5, 0

B My4YKe W 3aBUCUMOCTH €ro JIMIJIEKTPUIECKON MPOHUIIAEMOCTH OT YaCTOTHI, IMOAPOOHAS
00paboTKa M3MepeHusl CIEeKTPOB JUIOJbHBIX KOT'€PEHTHBIX CHUTHAJIOB MO3BOJISET TaKiKe
BOCCTAHOBHUTH BEJIUYMHY UMIIEJAHCA CBI3U U Pa30POCHl YaCTOT B IyUKe.

Bwmecre ¢ Tem, ciiejyer orMeTuTb, YTO yBeJIMYeHre yPOBHS IIyMa IIy4Ka U YBeJUdeHue
BpeMeHU KU3HU (PJIyKTyaluil B ydke 1npu npubInzKeHun ero mapaMeTpoB K Irpanuiie 00-
JIACTHU YCTOMYUBOCTH KOTEPEHTHBIX KOJIEOAHUI MPUBOIUT K YCUJIEHUIO PACCESTHUST YACTUIL
HA KOIe€PEHTHBIX (PJIYKTyaludgx IydKa. B 9acTHOCTH, 3TO MOXKET BBI3bIBATH yBEJIHYCHHE
HOTIEPEYHBIX Pa3MepoB IIyYKa U COOTBETCTBYIONIEE YMEHbIIEHNEe BEJIUIHHBI ero KYJIOHOB-
CKOI'0 CJIBUI'A 4aCTOTDI.

B6Jiu3u 110poroB HeyCTONYNBOCTH KOM€PEHTHBIX KOJIeOaHUl XapaKTepHble BpeMeHa 13-
MeHeHH# (DYHKIUU pacipeie/ieHus JacTUI U CIEKTPAJbHBIX IJIOTHOCTEN IyMa ITydKa
OKa3bIBAIOTCS CPABHUMBIMU I10 BestmduHe. CaMu TaKue U3MEeHEHHS OIHUCBIBAIOTCS COOTBET-
CTBYIONIUMH KHHETUYIECKUMH ypaBHEHHAMHU. BblsgcHeHne jeraseil TaKuX IIPONECCOB Tpe-
OyeT 0JIHOBPEMEHHOTO pelleHns KHHeTUIECKUX YpaBHEeHU 11 DYHKIUU Paclpe/Ie/TeHus
4aCcTHI[ U KOppeasTopos dJuiyKTyarmuit noseit ny4dka. 1o moporom HeycToWYMBOCTH KO-
repeHTHBIX KOJIeOaHUil IPOIece peJlaKCallui 3aKaHINBAETCs BhIPABHUBAHUEM TEMIIEPATY]P
YACTUIL IIYYKa U TeMIEPaTyp ero KorepeHTHbIX duykryaruii. Hekoropbie npuMepbsl TaKux
KUHETUIECKUX YPABHEHWUI W WX PeIleHnii MOKHO HalTH, HanmpuMep, B Kaurax [2| u [3].
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L =-0.5+1i0.1
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I'taBa 3

CamMocorjiacoBaHHbIE I10JId
ITPOCTPAHCTBEHHOTO 3apsd/ia

3.1. OOmue ypaBHEHUd

Jluist 1oJiydenusi ypaBHEHUI, KOTOPble yYUTBHIBAIOT 10/ IPOCTPAHCTBEHHOI'O 3apsi/ia
IIy49Ka CaMOCOIJIaCOBaHHbBIM 06pa30M, MbI TIOBTOPUM HEKOTOPbIE€ BbIYHCJICHUA, ITO3BOJIAIO-
e mpeobpa3oBaTh ypapHenune Biacosa st (pyHKINN pacnpeseenus nydka f B ypas-
HEeHUs I aMILTHTY/] KOTePEeHTHBIX Kostebanuil myuka. Kak u mpezkie, Mbl IIPe/IIo1araeM,
9TO YaCTOTH OETATPOHHBIX KOJIeOaHUIl YaCTHII V, , YIATEHBI OT HeJHHEHHBIX Pe30HAHCOB.
HatmomuuMm, 4910 HECIpyunupoBaHHbBIH 1IYHYOK 03 KOI'€peHTHbIX KOJieOAHUI OLUCHIBACTCS
dbynxnmeit pacnpejenenns, KOTopasd He 3aBUCAT OT (Da30BBIX NEPEMEHHBIX ¢, P, U Py

f="FoDp(Ap), I ={I:1,}. (3.1)

Korepenrtubie KoiebaHust myIKa OMUCHIBAIOTCS MAJIBIME J00aBKaMu K f, KOTOPBIE 3aBUCST
OT BpeMeHH t ¥ sIBJISI0OTCs niepuoindeckumu pynkmnusimu pas xkosrebanuit qvactuil. [Tosromy
HUIIeM

[ = foI)p(Ap) + 8, (3.2)
rae
of = Z fmn(L,Ap,t) exp (imy P, + imy Y, + ind) . (3.3)

m,n

3nece m = {m,, m,}. Hanpumep, ropu3oHTAIBHbIE TUIOIbHBIE KOT€PEHTHBIE KOTeOAHMUs
onuchBaioTca HaGopom uncen m = {£1,0}. Ecau B3anmojieiicTBue KOrepeHTHBIX KOJie-
OaHuil ¢ HABEJIEHHBIMH HOJISIMU HPUBOJANT K MaJIbIM U3MEHEHUSM IePEMEHHbBIX JIeHCTBUe
kosiebanuit [ Ha WHTEepBa/iaX BPEMEHU MOPsiJKa Iepruojga oOpaleHusl JaCTUIl B MallHHe
(27/wp), TO AMILTUTYABI fy, , MOJKHO BBIMHCJIST, JINHEApU3yst ypasHenune Biacosa 1o f, ,,
U yCpeJHdAs IOTydeHHble YPaBHeHUs A [, ,, 10 Iepuogy obpaimmenns. Kpome Bo3Mymie-
HUU KOJIeOaHU# JaCTHUI] HABEIEHHBIMHU MIYYKOM IMOJSIMH B OKPY:KAIOIIHX €r0 JIEKTPOIaxX
Mbl XOTHUM TaKK€ y4eCTb BO3MYIIEHUS JIBUKEHUS YACTHUI[ HOJISIMU [POCTPAHCTBEHHOI'O
3apsija Mmydka. lorja, rnpejmnosaras ropu30HTaAbHbIE JIUIOJIbHbIE KOTepPeHTHbIe KoJieba-
HUS W TpeHeOperasi B JIMHEAPU30BaHHOM ypaBHeHun BiiacoBa OBICTPOOCHHIIADPYIOIAMI
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CJlara€MbIMH, HaXOAUM, 4TO aMILIATY/Ibl fm YAOBJIETBOPAIOT CJIeAYIOUIUM YPABHEHUAM:

% = —i [nd + my (00 + Aw,)] frn (3.4)
oz oo
- (Georron) gk
Ox dfo
~(gyron) el

31ech Aw, — CIBUT YaCTOTHI TOPU3OHTAILHBIX OETATPOHHBIX KOJIEOAHWIT 9aCTUIT M3-3a XPO-
MaTu4ecKux 3P@eKToB, a TaKzkKe U3-3a HeJIMHEWHbIX 3aBUCUMOCTEll BCex CuJi, JeidcTByIo-
XX Ha 9aCTHUIB, OT uX KoopauHat, pynknus Fy (0, t) o6o3nauaer cury, BO3MYNIAIOILY IO
KOJIeDaHWST YaCTHIL TOJISIME, KOTOPbIE TYYOK HABOJUT B OKPYZKAIOIIMX €r0 3JeKTPOo/Iax, a
cJlaraeMoe, Iporopiuonaibaoe OF (x,0,t) onucbiBaeT BO3MYIIEHHS TOPH30HTATBHBIX KO-
TepPEeHTHBIX KOJIeOaHWii MydYKa TOJSIMU ero IMpOCTPAHCTBEHHOTO 3apsdia. lIpemamonoxus,
YTO HOMEPA l'APMOHUK 1 B ypaBHeHuu (3.4) He OU€Hb BEJUKH, Mbl YIPOCTUM BbIUUCICHUSI
OF (x,0,t), ncnonn3yst npub/mzkenne JOKaIbHBIX noJieit. Torma mmeer MecTo COOTHOIEeHNe

Ox 0
oF = — dl’ | 5dApsG(|ry — 12])0f (12, P2, Aps, 0, 1). 3.5
S = g [ A2 = ra (T e, 82, 0.) (35
Buech dI' | = dIdIL,d,dy,, a G(r) — dbynknus ['puna JByMepHO 3/1eKTPOCTATHIECKOI
sagaun. IIpeamosnaras, 9ro (byHKIUSA pacnpele/enns IIy9IKa HOPMHPOBAHA Ha €IUHHUILY,
MBI Oy/eM IucaThb

Ne2 [ dkydk, . .
Glr) = / g 2y O et k). (3.6)

IT = 2Ry — nepumerp 3aMKHYTOI opouThl. Ecim dynkuns O f B (3.5) BeIvaucsiercs ¢ wuc-
0JIb30BAHUEM ypaBHEHUs BiiacoBa, TO ypaBHeHue (3.5) ompejesisierT caMOCOTIaCOBAHHbIE
MOJIST TPOCTPAHCTBEHHOTO 3apsia MydyKa. Pamee Mbl yIPOIIAIN BBIYHCICHAS STUX MO,

pejioiaras, 9YTo MJIOTHOCTh IIy4Ka MOXKeT ObITh 10JIy4YeHa 3aMeHoi O f Ha npubimzKeH-
HYI0 (DYHKIUIO PACIIPeeIeHUsT

6f = fO(yax - d(q)?t)apyapx - Md<¢7t)) - fO(y7 ﬂc,py,px), (37)

rje d(¢,t) — ropu30HTAJIbHBIN JUIOIBHBIT MOMEHT I1yYKa:

A1) = / dApdL, f. (3.8)

BykBaabHo Takas GYHKIUS pacupeeeHus IydKa MOXKeT, HaIpuMep, IMOJydaThCsd I0-
cJie KOPOTKOI'o yjiapa Iydka B I'OPU30HTAJIbHOM HalpaB/ienuu. [Ipu konedunom pasbdpoce
YaCTOT B Iy4YKe ITO COCTOsIHUE y4YKa paspyliaercsd ero pacda3upoBkoit B (pa3oBoM 1po-
crpancTre. [Toaromy ykazanubie (hyHKIINK pacipe/ie/ieHusi MOTYT CYIIeCTBOBAThH JIUIIhH HA
HHTEePBaJaX BpeMeHU, KOTOPBIE CYIeCTBEHHO KOpode BpeMeH pacda3upoBKu. B cBoro ode-
peJib, TOCIe/IHee YTBEPKICHNE MPEII0oIaraeT, 9To Pa3dpochl 4acTOT B IyYKe MAaJibl, 9TO
MO3BOJISIET PACCMATPUBATDL MYYOK KaK YKECTKHil MM MOYTH YKeCTKUil 00beKT. B mpebi-
JIYIIUX TyIaBaX Mbl HAXO/MJIM aMILIMTYAbl MOHNEPEYHBIX KOT€PEHTHBIX KOoJieOaHuil ITydKa
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fm.n, Dellast JTMHEAPU30BAHHOE ypaBHeHHEe BJlacoBa, B KOTOPOM HOJIsl IIPOCTPAHCTBEHHO-
ro 3apsijia MydKa BBIYUC/SUINCE JJIsi KECTKOIO PAcIpejiesiennst dacTui] B myuke (3.7). B
9TOM 3aKJI0YAI0Ch YIPOIIAIOIee MPeIoIoykenne Moaesan. Haiiqenubie TakuM c1iocobom
AMILIUTY/ bl KOT€PEHTHBIX KOJIeOaHuii 3aBUCAT OT KOOPMHAT 4acTUIl B (ha30BOM IIPOCTPAH-
CTBe TakK, 4TO0BI YJIOBIETBOPATHL ypaBHeHuio Biacosa. OHU yzKe He ONUCHLIBAIOT YKECTKHUIA
ny9oK. [To9ToMy MBI Ha3BaIU TAKyIO MOJEIb OMUCAHUA KOTePEHTHBIX KOJIeOaHuH MOIEIbIO
KBA3UZKECTKOIO 11y YKa.

Bosspaimasich K 001eMy OMUCAHWIO, 3aMeTHM, 9TO ypaBHeHne (3.4) MOKeT permarhes,
Hanpumep, ucioyib3ys Pypbe npeobpasopanue. [Ipy 5TOM MHTErpUpOBaHEE JIEBOH YacTH
B (3.4) maer

* ) tafm,n _ (0) .
/ dte™® 5 = ~fm = 10 frn(®), ITmo >0, (3.9)
0
rjae pyHKIn ﬁ(,?)n IIPEJICTABIIAIOT CO00i HAYAIBHBIE 3HAUCHUST aMILIATY fp, ,(t). Torma
corsacHo (3.4) @ypbe aMILTUTYIBL fr, () YIOBIETBOPSIOT yPABHEHUIM

([ Ox dfo d fo
(rvto ‘”>>m,n"<Ap) R

< / ALodT,s X (I, ) Gon(Los Iy, Lo, 1),

rie Mbl OOO3HAYUJIN

Xyl 0) = / AAD frun (1, Ap, ©) (3.11)
AWy, = O — MWz — NWo U
Ap
AW;pe = nN— + m, 0w, (Ap, I, 1,). (3.12)
p

[oacrasnss B (3.10) m, = £l u

(aaj Fw(e,w)) :—z‘anﬁ/w AL/ X (I3, ©) (3.13)
T 0

m,n

HaXOJUM HHTEI'PaJIbHOE€ YpaBHEHHE [IJid OIIpeaeIeHUA aMILJIATY/ fmm
_ - r(0) 3f0
(A0 — AWine) frnn (©) = if5 — p(Ap) 3L Qo 1Ly (3.14)
o 0
X / d12mdjy2 V ]zZan (127 (D) - mza_fop(Ap)
0 T
X / Al yodl o Xonn (12, ©) Gy (Lyy Iy, Lo, Iy, ).
0

B stux dbopmysnax MHOKHTEDH

o _ imyNe*Z | (mymy0 + nog)
e 2M 04011

(3.15)
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OIIMCBHIBAET B3aUMOAEIHCTBIE KON€PEHTHBIX KOJIEOAHUN MydKa ¢ OKPYKAIOIMMMHI €I0 JJ1eK-
Tpojamu. HaBejgeHnble B 3J1€KTPO/IaX MOJsI OMUCHIBAIOTCS MMTAPOKOMOJIOCHBIM, JIOKAJIU30-
BaHHBIM IOIEPedHbIM nMiegancoM Z | (o). Bemmanna Q,,,, npeacrasiser coboii kore-
PEHTHBIH CABHUI YaCTOTHI TOPU30HTAJILHBIX AUIOJbHBIX KOJ€OAHUI MOHOXPOMATHIECKOTO
HECT'PYIIUPOBAHHOTO IIyYKa. B MpOTHBOIOI0KHOCTD BEIYUCICHUSIM, OITUCAHHBIM B TIPEIbI-
ayieit riase, koadgdunuentsr B ypasuenun (3.14) comepKaT JHIIb CAMOCOTTIACOBAHHBIE
BbIPasKeHusl JIJIs 110JIell ITPOCTPAHCTBEHHOI'O 3apsijia IIydKa.

3.2. Mogenb

Unrerpaibuoe ypasaenue (3.14) CMIIKOM CJIOKHO JIazKe JIJIsl €10 YUCJIEHHOTO Peliie-
uust. Jist ynporenns ucc/ie J0BaHus OCHOBHBIX OCOOCHHOCTEl PEIIeH TAKUX yPABHEHMUiT
MBI BOCIIOJIB3yeMCs creruaabuoil Mozgennio ([13]). Kak u panbIie, MBI HPeITOIOKIM, ITO
pacmpeesieHne mydka B Ga3’0BOM IPOCTPAHCTBE HMeeT OUeHb IIOCKYI0 hOpMy, KOTOpPOil
COOTBETCTBYET CTAI[HOHAPHOE COCTOAHNUE IMydKa ¢ (DyHKIHeil pacupeeenns

fO (Ix’ [y) = 6([y)f0([x>' (3-16)

KpOMe TOI'0, MBI IIPEAIIOJIOZKHM, YTO Ha4YaJIbHbIE€ 3HAYCHUA aMIIJINTYd KOI'€PDEHTHBIX KOJIe-
Oanuii IIy4YKa TaK2Ke OIIMCbIBAIOTCA BblPpazKEHUAMU BUJlA

FO (1, 1y, Apa) o 8(1,). (3.17)

Jlig myuKkoB ¢ Takoil (pyHKIMEHl pacupeesieHust Mbl IOLbITACMCA U3YUYUTh YCTORUYUBOCTD
JIUIOJIBHBIX, TOPU30HTAJIBHBIX KOrePeHTHBIX Kosebanuii (m, = 0 u m, = £1). Xora Ta-
Kasl MOJIE/Ib He JAeT MOJHOTO PEIeHus MPo0JIeMbl, OHA MO3BOJAET MPOCICIUTH PA3INTHA
pa3BUTHUSA KOT€PEHTHBLIX KOJIEOAHUI peaabHOro U KBA3HZKECTKOIO IIyKOB.

CoryacHo IpHHATOH Mojenn pernenus ypasuenus (3.14 ) mponopumonanbusl O(1y).
Unterpupys obe gactu B (3.14) mo 1, moaydmm

B 00
_p(Ap)8_];)§2mn\/7/0v d]2 ]2an(127 (D)

_mz%p(Ap) /dIQGm(I, 0, ]2, O)Xm,n(j27 (D)

3nech
(T, Ap, @) = / AL, fon (Lo Iy, Ap, ). (3.19)
0

B nmocyieaytomux BeraucieHusx 0y1eT mosgBIIThCS TOJBKO mepeMenHas [,. [Toaromy aTo0nt
COKpaTuTh 3amucu Mol Oyjem nucarb I Bmecro [,. Tenepb 3amerum, uro jijig m = £1 u
corsracio dopmyqie (3.6)

INe2 [ dk 21 21,
Gn(1,0,I,0) = | by | | Ry
(1,0, :,0) = = /o . Mg ) 7! My
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win (Haupumep, B [14])

Ne? [ \I]L,, TI<1I
Gm(I,0,15,0) = —— ’ ’ 2
(£,0.15,0) = = { L/I, I>1I,. (3:20)

OrmeTuM TakzKe, 9TO COIIACHO HAIIEil MOJEIH CJABUT YaCTOTHl HEKOTEPEHTHBIX KoJ1eba-
HUIl WOHA 1O/ JefiCTBHEeM CHJI MPOCTPAHCTBEHHOTO 3apsiaa ny4ka (—Q([)) onuceBaercs
BBIPAZKEHHEM

Q1) = 2 [ dLaGi(r — xa)) ol 1)

nJaIn (a = 2]/(M(Dx0))

Q) = 2Ne” /Oodkjl(k;a)/OOOdIQJO(kag)fO(Ig) (3.21)

[MMwya /o

Ne
=T / dly fo(12).

[TOCKOILKY TYYOK TIpe/INoIaraeTcs OueHhb MIOCKNM, OMPeJeInM 3HaUYeHne KYJI0HOBCKOTO
CJBUTA YACTOTHI ITYYKa BBIPAZKCHHEM

Ne? Ne?
Mlywg 2nMuv2e’

Av; = (3.22)

rne Ip = Mve — mupuna (GyHKIUN pacupeaeneHus fo, a € — TOPU30HTATLHBINA SMUTTAHC
nydka. [losromy nuiem

1
Q(I) = (D(]A\’L%/ d]gfo([g) (323)
0

Wcnmonb3ys 3T0 BhIpazKeHue ¥ MPeANnoI0KUB, 9T0 pa3dpoc 4acToT OETATPOHHBIX Kosaeba-
HUU 4aCTUIL OlIPeJIe/IdeTcss XPOMATUIHOCTHIO (POKYCUPOBKHU, OKTYIOJIbHON 4acTbhio (hOKY-
cupytomux noseii (a./) u HeJMHERHOCTSIME TOJIeii IPOCTPAHCTBEHHOIO 3apsi/ia, 3aluIeM

0w
) I mQ(I)
= gAp + ma.l — mQ(I), (3.24)
rie 5
nwen W; N mwo dv,
p +m0p p (. mva0) + p dlnp (3.25)

[TojicTaBUB BCe 3TU BhIpasKeHus B ypaBHenue (3.18), moydum

QAP 1) e (0) = i), plAD) 200,V / /T X (I, 0)

) Ne? i

8";% ¢ / ALs\| F X (I, (3.26)
0 N

8*’;% e/ iy [+ X (I
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3/ech Mbl BBeJIn 0003HAYECHHE:
Q(Ap, I) = Awy, ., — gAp — ma.d +mQ(1). (3.27)

YKazKeM HECKOJILKO IMTPOCTHIX TPUMEPOB, B KOTOPBIX OTHOPOTHASA 9aCTh HHTErPATHHOTO
ypaBuenust (3.26) MoxKeT ObITh PElIeHa TOYHO M B KOTOPbIX BbIUUCJEHUSI C CAMOCOI/IACO-
BAaHHBIMH TIOJISIMU ITPOCTPAHCTBEHHOI'O 3aPsijia MPEJICKA3bIBAIOT Te K€ CIEeKTPbl COOCTBEH-
HBIX 9aCTOT KOTePEHTHBIX KOoJIeOaHUii, YTO W MOJIe/Ib KBa3MKECTKOIr0 1MydKa. Bo-TepBhIX,
nyctb ¢ = 0 u a. = 0. Torga pemrenne oMHOPOAHON YacTu ypaBHeHus (3.26):

_%an\/} / I\ T X (I, )

8f0N€ _[2
M /dfﬂ/ 2 Xpm (I, 0 (3.28)

afoNe
m H/ dfu/ X (1,0

Xppn (@) = cm,n%ﬁ, (3.29)

(Ao, + ML) X (0) =

3allUCbIBa€TCd B BU/E

rie Cy,, — MPOU3BOJIBHBIN MOCTOSHHBIN MHOXKHUTENb. [TomcraBus 1o pemenue B (3.28),
LHOJLY YAM

(Awy 4+ mQ(] ))afo\/_ = —afOan\/_/ dl 1, gﬁ)

dfg Ne? dfo afo NGQ\/_ 9fo
—m—r d[2[2— - dIQ
oI IV J, 01y oI’
IR0
(B0 4 mQU) = <@ [ dLafal)
0
N€2 I 8f0 N€2 3f0
—-m—r dlyly—— — m—— dI. )
" /0 2oL " /I 291,
YUuuThIBasg TOXKIECTBO
Ne? [! d fo Ne? d fo
—_— dlylo—— — dl )
"I /0 22012+m I /I 291, (3:30)
Ne?

U yCJOBHE HOPMUPOBKHU (DYHKIUH [(, IPUXOJIUM K JUCIIEPCUOHHOMY YPaBHEHUIO
AWy, = Q. (3.31)

Taxkoii pe3yJabTaT INOJITHOCTLIO COBIIaJa€T C IMPpEACKa3aHUAMU MOJJE/IN 2KECTKOI'O MU KBa-
3UZKECTKOTI'O IIYy4YKOB.
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B kauecTBe BTOPOro npumepa paccMorpum ciaydaii, korga a. = 0, a p(Ap) asuasercs

pacupejesienuem JIopenia
b

™ (Ap® +b%)
Pemenne oxuopo/aoit yacru ypaBaenust (3.26) 3amucbiBaeTcst B BUje

p(Ap) dfo
Jman () = AWy — gAp + mQ(I) Wﬁan([)’ (3:33)

p(Ap) = (3.32)

rie X, (l) — HOBast HemsBecTHast dyHKIUA. C yIETOM COOTHONICHUS

o b 1
dA =
/_oo U (A +0) (Ao — gAp+ mQ(D))  (Aw, +mQ(T) + ilg]b)

I0JICTAHOBKA BbIpazkeHus (3.33) B OJHOPOJHYIO YacTh ypaBHeHus (3.26)

(A, — gAp +mQ(I)) b %

(AP 1 52) (Aomm — gAp + mQ(D) 0 TV X (1)

— bgm” 8f0 ]2 afO/aI2) mn(IQ)
-~ w(Ap*41?) I \/—/ dl; (A + mQ(15) + i|g|b)

_ 9/ b Ne? 15 (0f0/012) Xyn(I2)
Al n (AP + )TV Jo - (Awy, +mQ(Ly) + i|g|b)

_m% b NGQ\/_/ afO/aIQ) mn(IQ)
oI m(Ap? + b?) 2 (A0, + mQ(LL) + ilg|b)’

IIPpUBOAUT K MHTEI'PDAJIBHOMY YPaBHEHUIO

B > I (0f0/012) Xy (L)
Xpn(I) = —Qyun /0 i R S
Ne? (7 1, (0fo/012) Xomn(I2)

/ a2 (AW + mQ(15) + t]g|b)

N€2 & (8f0/6?]2) an(Ig)
/f o B + mQ(L) + g

(3.34)

YuurbiBast coornomenue (3.30), ybexaeMcsi B TOM, 4TO PEIIEHUSIMU ITOIO yPABHEHUS
ABJIAIOTCH (PYHKIIUT

X (I) = Coun (A +mQ(I) + ilg|b) , (3.35)

rjie Cy,, — IPOU3BOJILHBIE HHOCTOSHHBbIE. JleficTBUTE/IbHO, 110C/e LOJCTAHOBKU (3.35) B
(3.34) u coKpalleHust TTOCTOSTHHBIX MHOZKHUTEEH MOy 9aem
Ammm +mQ(I) +ilglb = Q
N€2 6’f0 NGQ\/T (9f0

NG T T a2
"nvilt, “en "o ), “Pon

YaureiBast 31€ch T0K1ecTBO (3.30), IPUXOIUM K JUCIEPCHOHHOMY YDaBHEHHIO

A = Qunn — 9| b. (3.36)
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OHO B TOYHOCTHU COBlIa/aeT C T€eM, KOTOPOE 110J1y4aJ/IOChb B MO/EJ/IN KBA3UZKECTKOI'O 11y 4Ka
JIJIsT JIOPEHIIEBA, PACIIPe IeJIeHUsT UMITY/IHCOB.
Hakomnern, paccmorpum ciy4ait, Koraa

d fo o (I — Iy)

L A 3.37
ol Iy ’ ( )

¥, COOTBETCTBEHHO, PEIIeHHsi OJHOPOIHOI YacTu (3.26) 3anuchBaloTCs B BHIE

p(Ap)
mn (0) = ——=0 (1 — Iy) Cpp- 3.38
a ICIEePCHOHHOe ypaBHEHUEe — B BHUJE
> p(Ap)

1 =(Qmnn Q(1 dA . 3.39
( +mQ(l)) /Oo pA(Dmm —ma.ly + mQ(1y) — gAp ( )

CoryiacHO 9TOMY ypaBHEHMIO Jijisi MOHOYHeprerudeckoro iyuka (p(Ap) = O8(Ap)) kore-
PEHTHBIN ¢ABUI YACTOTHI (AW, ;) HE 3aBUCHT OT BEJMUUHBI IPOCTPAHCTBEHHOIO 3apsiia
myuka. st myuKka ¢ TIaJKuM PacipeieIeHueM MMITY/IbCOB JIeKPEMeHThI 3aTyXaHust JIaH-
J1ay, BOOOIIE, 3aBUCAT OT BEJMYHHBI KYJIOHOBCKOTO CJIBHIA YACTOTHI IyYKa HOCPEICTBOM
dbaxropa mQ(Ip).

3.3. T'ayccoBbl PpyHKINN paciipeaeieHns

DBouspmie ornmanit or mpejcka3zaHuit MOJe N KBAa3WKECTKOTO IIydKa JeMOHCTPUPYIOT
CIydYal, B KOTOPBIX CTAIlMOHAPHBIE COCTOSHUS MyYKa OMHUCHLIBAIOTCS 0OoJiee peaucTude-
CKUMHU U IJIaJIKUMU (DYHKIUAMU pacipejieienusi. Mbl u3ydum npumMep, B KOTOPOM

(AR ol1) = - exp (—]i) e, (3.40)

rjie Ap = ou, 0 — pazdPOC UMITYJILCOB B MyUYKe, W TPEINOIATaeTCs BHITTOJTHEHHBIM YCJIOBHE
HOPMUPOBKHU:

/oo dup(u) = 1. (3.41)

—0o0

[MoxcraBus stu dyHKIUM B ypapHenue (3.26) u onpejeans

Aw
6 — 2~2 C[ 2’ m: —m,n’ 342
o = /¢202 + (a.y)?, 2 S (3.42)

a TaKzKe ]_ A ]_ Q
WeAVL Qclo go m,n
_ - — — =72 = d 3.43
X ]—Oa q 6()) s AI 6(,0’ Xp 6(1)7 C 60\) ) ( )
! )
mmn (U, T)

=" 3.44
) = L2, (3.44
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nepenuinem (3.26) B cieyomem Buje:

Ol ) [/ dxl\/7/ duty fnn + /d:cl\/7/ dulfmn]

31ech
1—e®
Q(u7 .’L’) = Zm — XpU — 1T +4q (346)
Pemmennst ypasuenust (3.45) Gymem 3amuceiBarh B hopme
ir(u,x) Vae ™
Q) PG 347

1€ HOBad HEU3BECTHAA (1)yHKI_[I/IH p( ) YAOBJIETBOPAET UHTETPAJIBHOMY YPaBHEHUIO

c/ dry /T X (1) + / dz1 /T X (21 +q/ =X (), (3.48)

X(x) = / du frn (u, x) . (3.49)
Huddepernupyst 06e gacru (3.48) mo z, moaydum
dp _

a IocJie MoBTOpHOro auddepeHnupoBaHus o I:

L3 ( d_p) — _gVEX (). (3.51)

dx dx
[Tockouibky
< ir(u,x)  Jre
X (x :/ du + p(z), 3.52
D= L T T (352
rjae
u
du, 3.53
< Qu.a) (3:55)
HaxoauM jiuddbepeHnuaIbHoe ypaBHeHue s onpe/enenus Gyukun p(r)
d [ ,dp , xe "
el B — ) .54
& (a: dx) iR () - a5 (o) (3.54)

31ech

B e ur(u,x)
R(z) = /_ g (3.55)
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[Mogcrasiss B (3.54) oupepesennst

Cw(r) ,dp  dw
p(x) = o T = W, (3.56)

MBI MOZKEM MOJIYIUTh YPABHEHUs JJisl ellle OJHON Heu3BecTHOH dyHKunm w(x)

dPw  iR(x)  ge” ol
2 U T 200 (z). (3.57)

Ucnonb3ys ypasaerue (3.48), HAXOANM OJHO W3 TPAHUYHBIX YCJIOBHUi st p(z) win w' =

dw/dx

b0 =0 = ["do (tvE+ L) X

Ono o3nauaer, uto auddepennuaabroe ypapaenne (3.57) cieiyer pernarh ¢ PpAaHUIHBIME
YCTIOBUSMU:

w(0) = 0, w'(0) = /OOO dz (c\/i + %) X(z). (3.58)

3.4. Bbraucjienune aMILINTYA AUTOJIbHBIX
OeTaTpPOHHBLIX KOoJieOaHmIii

Obmiee pemenne ypaenust (3.57) uimercss B BHJE CYMMbI JHHEHHO KOMOWHAIMU
JIBYX JIMHEITHO HEe3aBUCHMBIX DeIeHuii OJHOPOIHOI dacTu sToro ypasaenusi (Crwi(x) +
Cowsy(x)) m gacrHOro BbIHYZKIeHHOrO pertenuss W (x) sroro ypasuenus. Ompemenum
dbyukun wy 2(x) ypaBHEHUIMH

d2w1,2 qe™ "

dx? 2Q(x

)w1,2<x)- (3.59)

Torya obmiee perenne (3.57) onpeaessiercs dhopmyIoit
w(z) = Chrw (x) + Cowa(x) + W (x). (3.60)
YesioBre HOpMUPOBKU (DYHKIMI Wy o(x) 3a1aeTcst yIO0OGHBIM BBIGOPOM MX BPOHCKHAHA

D = wl(x)% — %U)g(ﬂf) # 0, (3.61)
dx dx

KOTODBIii sBJIsleTCsT nHTerpajgoM ypasuenuit (3.59). B obuiem ciaywae permemnust wq o(x) siB-
JIAIOTCS KOMILTEKCHBIMU (DYHKIUAME KaK T, TaK U 9aCTOTHl KOJIe0aHuii 2,,. Kax ¢pyHKImun
KOMILJIEKCHOU TTepEeMEHHOU 2, PelTeHus 'U}LQ(I') MOI'YT UMeTb OCOOBbIe TOUKHU Ha JIeiicTBH-
TeJIbHOM OCH Z,,. Camu 110 cebe ypasHenus (3.59) cupaBeiuBbl B 001aCTH, /1€ BbIIIOJIHEHO
Hepapenctso Imz,, > 0. Ux pemenus B obaactu Imz, < 0 JOJKHBI MOJIyYaThCs TTOIX0-
JSIIAM AHAJUTHICCKIM TPOJOJIKeHneM (QYHKIHH wq o(2) U3 BepxXHeil B HUAKHIOK MOJIY-
IJIOCKOCTh KOMILJIEKCHOI TepeMeHHO# 2,,. [I0CKOMbKY KOHKpeTHbIe pellleHus ypaBHEeHMi
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(3.59) 00BIYHO JIOJIZKHBI HAXOJUTHCS YUCJIEHHO, 110JIE3HO 3AMETUTb, YTO B aCUMITOTHYE-
CKOi1 obs1acTu ¥ — 00 (PyHKINK W) 9 TUHEHHO 3aBUCAT OT X. B Takoit obsactu x Mbl OyneM
UCATH

wy =ar+b, wy = cx+d, (3.62)

e KoadpdunuenTol a, b, ¢, d aBasgiorcsa GYHKIUAME YACTOTHI Z,,. OHU yIOBJIETBOPSIOT
YCJIOBHIO

D = bc — ad. (3.63)
Yacrroe pemenne W () BBIUUCASETCS ¢ UCIOJb30BAHUEM TDAHUIHBIX yCJIOBHUIL
W(0) =0, W(0)=0 (3.64)

U MeTO/Ia Bapuallliy ITPOU3BOJIBHBIX TMOCTOSHHBIX. [[pocThie BhIUNC/IEHUsI, TPUBEIEHHBIE,
HanpumMep, B [Ipuwiokennn A, MO3BOJISIOT 3aIUCATH

W(z) = —qwlg(x) /0 ' d:cliR(x;)xﬂf(xl) - qw;(x) /0 i dxl—iR(xi/);f(xl). (3.65)

Bruy jonyctuMocTy onpeie/IeHHOTO MPOU3BOJia TPU BHIOOPE KOHKPETHOTO TPeJICTaB/Ie-
HUsl JTUHEHHO He3aBHCHMBIX pelreHuil onpeaesuM (byHKIUO W (L) Tak, 4TOObI BBIIOJIHSI-
JINCH TPAHUIHBIE YCJIOBUS:

wi(0) = 0, wl(0) = 1. (3.66)

Torga cormacuo (3.59) u (3.61) u [Tpusoxkenuto A npoussojnas dbyHkuuu we () sorapud-
Mudeckn pacxoautces B myse (wh(z — 0) ~ In(z)). D1o 03HAUaeT, 4TO TPAHUIHbIE YCIOBHS
B (3.58) OyayT BbIMOIHEHBI, ecad Mbl moI0kuM B (3.60) Cy = 0 u Cy = w'(0) = wy,. [ox-
craBuB 9TH 3HadeHus B (3.60), moayvaem

w(r) = wyw (x) + %wl (z) /Ox d:ﬁ% (3.67)

q T R(xy)wy (1)
— e (m)/o dxlT.

Bxogsiinast B 910 BbIpazkeHue IOCTOSTHHAS W) BBIYUCIAETCs TOJACTAHOBKOI (hopmyJibl (3.67)
nocsaeoBaresabto B (3.56), (3.52) u B (3.58). B pesynbrare npocreix Beraunciaenuit (IIpu-
Joxkerne B) MpuxoauM K BHIPAsKEHHIO

o=y [ (#3 —) o] [ e
4 [ B
31ech
() =1 [ do(Gr ) Gswlo) (3.6
_ % [x% - wl(x)] o+ {%] } (3.70)



— AUdJIEKTPpUYIECKad [IPOHUIAEMOCTDb, OIIMCbhIBalOIad KOJIJIEKTUBHY IO PEaKIUIO JUITOJIbHbIX
KOTePEeHTHBIX KOJIeOanuil mydKa, a Beipaxkenus | f ()], monumalorcs kak npegest hyHKun
f(z) B BeckoHEUHO yaIeHHOIl TOYKe:

[f(2)]o = lim f(z). (3.71)

[Togcrasus (3.68) B (3.67), MBI OJIy4aeM OKOHYATETbHOE BBIPAYKEHHUE JJIsT HCKOMOTO 00~
LIEr0 PelieHust

w(z) = {@ (xd_? - wQ) +q@] wl(jsl)) /0°° dJCliR(xi;;U_j (21)

(3.72)

Hanwueiimas nmogcranoka w(z) = xp(z) B dopmyry (3.47) 3aBepiaer Buraunciaenust Oy-
Pbe AMILTATYI [y (U, T, ®), YIATHIBAIOIINX JEHCTBHS HA YACTHUIBI IIYIKA €r0 CAMOCOIJIa-
COBAHHBIX II0JIell MPOCTpaHCTBEeHHOTO 3apsaa. OoparHoe mpeobpaszoBanne Oypbe 1mM0O3BO-
JISIET BBIYUCIUTH 3aBUCHMOCTH aMILIATY, KOTEPEHTHBIX KOJIeOaHuil 0T BpeMeHH:

fmn(u, z,t) = /

—0Q0

* do

o e " frnn(u, 2, 0), Tmw > 0. (3.73)

OTH BBIpaKEHUsT MOTYT MMPUMEHSIThCSI KaK HEMOCPEICTBEHHO JJIsi BRIUNCJIEHNUH rapMOHUK
GYHKIUN pacipeeseHus MyuKa, TaK | /s BBIYHCJICHUs PA3JTHIHBIX MOMEHTOB (DyHKIHH
pacrpejieIeHns.

3.5. DBbrumncienue JUNOJbHOIO MOMEHTA IIy4Ka

O tHuM U3 TOJIE3HBIX PUMEHEHUH (HOPMYJT TPEIBbIIYIEro pa3/iesia siBJIsIOTCS BHIUNC-
JIEHUST JUNOJIbHOTO MoMeHTa mnyuka win ero Oypwe ammmurya. [Tomumo mpodero, stu
BEJIMYUHBI MOI'YT ObITH HEIOCPEICTBEHHO M3MEPEHbl JATUYNKAMHU MOMEPEUHBIX CMeIleHui
Iy4Ka OT 3aMKHYTO#l OpOUTHI (T. H. MUKAIl 3JeKTpojamMu). [1o ompejiesie o TUIOIbHOTO
MOMEHTAa TOPU30HTATBHBIX KOTePEHTHBIX KOJeOAHUN My UK MHUIITeM

Qo () = /OOO dx\/E/: 0y /Ooo dan/zX (). (3.74)

Tenepb, 3amedaem, 4To corjaacuo dopmynam (3.74) u (3.58) BBIIOJHAETCS TOXKIECTBO

X(x)
7

Cdmn(®) = w) — q/oo dx (3.75)
0

[Moncrassia cioga (3.52):
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rie

— ¥ BcuoMuHas ypasuenue (3.57):

d?w 1R(x e "
_ (*) ¢ w(x),

da? Ve oo xQ(z)

nepenuimieM (3.75) B Bize

*  dPw dw
[IpaBasi 4acTh 9TOr0 ypaBHEHHs BBIYHC/ISAETCS € MOMOIIBIO dhopmysbt (3.72). st aroro
UIeM
dwy dwy ] wi(z) /°° iR(x1)wy (1)
/
— 2 b dpq — 2 7L
w'(x) {C(fﬂ I w2)+quLO eD J, x J
q [ iR(x1)wa(z1) ¢ T iR(z)w ()
1R(z
+ 4 2) (ul a)ualo) — w0
WK, BCIIOMUHAs, 410 W) (x)ws(z) — wh(x)wi(z) = =D,

—0 (3.77)

u

lim {w’l(:c) / dwlw} =0, (3.78)

T—00 . \/56_1
LOJLy 4aeM

dw] S [ iR(xy)w (z1)
3nech )
1 [duy dw, dwy dws
e I G R = ] = IO
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IHopcraBisdsg B 9TO BbIpazkeHHEe aCUMITOTHYECKHe 3HadeHud (PyHKIUH w2 u3 dopmy

(3.62)
wy =ar+b, we=cr+d, D=—(ad— bc)

u ucnonb3yst (3.70)

th
g(w) =a— —,
(w) .
HaXOOUM : ‘ ‘
_,—tedtgac _ ¢Dt DY
— 4 —bC+ aq qc_qa—bC_ e’ (3:81)
nJjin
1 iR(z)w (x)
() = /0 dr =" (3.82)

1 * dzwy (x) [ uir(u,m)
“wol g

OTO COOTHOIIICHIE IIOKa3bIBaeT, 4YTO CDypbe AMILIAUTYObI JUIIOJIBHOI'O MOMEHTa IIy4YKa BbI-

PazKarTCsa TOJLKO Yepe3 HeOCOOeHHOe JIMHeliHo HezasucuMoe permenue wq (). Vcnonb3ys
(3.82) u dopmyay (2.73):

(8dnn)? = 1im 2A (8, (0 + iA)SL, (00 + iA)) (3.83)
A—0 ’

MoJiydaeM TaK:Ke BbIparkeHue JIJisl CIHeKTPAJIbHOHN IJIOTHOCTU CTAIlMOHAPHOIO IIyMa JiH-
MOJIBHOTO MOMEHTA IMYyYKa, BBIYUCIEHHONH C YyIeTOM CaMOCOIJIACOBAHHBIX TOJEll ero mpo-
CTPAHCTBEHHOTO 3aps/ia

2_ﬂw$ﬁw waOOUU u, T,
()t = s | el o) [ aw@dQure). @50

Hamomuum, 49T0 IJIOTHOCTH TAKOrO IIyMa MOYKET JIOCTUTATh CTAllMOHAPHBIX 3HAYEHUIT
JIUTITH B 00JIACTH, TJie TapaMeTp { pacio/iaraeTcst BHYTPH TPAHUIILI 00JIACTH YCTORINBOCTH
JIATIOTIBHBIX KOT€PEHTHBIX KOJIeOaHWil myJKa.

3.6. CobcTBeHHBIE YACTOTHI M YCJOBUA YCTOMYIMBOCTH

Dynkius e(w) B ypasuenusx (3.68), (3.69), (3.72) u (3.82) aBisercs III€KTPHICCKOIT
IPOHUIAEMOCTHIO [OPH30HTAIBHBIX, THIIOJBHBIX KOIEDEHTHBIX KOsleOaHmil IIydKa, B3au-
MOJIEHiCTBYIOIIETO ¢ COOCTBEHHBIMHI HABEICHHBIMH MOJISIMI, KOTOPBIE OMHCHIBAIOTCS JIOKA-
JIM30BAHHBIM, MIHPOKOIOJOCHBIM HMIegancoM Z | (o). B coorBercTBuE ¢ 9THM COOCTBEH-
HbIE YACTOTHI KOJUIEKTHBHBIX MO/, Iy 9Ka AW,y ;, BBIYUCIAIOTCS PEIICHUEM JUCIEePCHOHHOIO
yDaBHEHUSI

o —x
e(w) =1— / dz (c + g) ) ) g > 0. (3.85)
0 z Q(x)

Omno MOXKeT OBITH HEMOCPEJCTBEHHO BBIUMCICHO, TOIaras HyJIeBble HATAIbHBIE YCIOBHI
(r(u,z) = 0) B COOTBETCTBYIONUX YPABHEHUX LIPEJbLLYIUX pa3/esios. Haupumep, Bume-

cro ypasuenust (3.52) numrem
—
X(z) = V2

Q()

o4

p(z). (3.86)



1o upeobpasyer, Haupumep, ypasuenue (3.48) B 0JHOPOJHOE UHTEIPAJIBHOE YDABHEHUE

e q x
p(zy) + = / dxy
) T Jo

p(z) =€ / G
e 1

oo
+ Q/ dxy ~——p(z1).
T Q('CEI)
Mcnonn3ys To 00CTOATeILCTBO, YTO PeIleHns TAKOTO YPABHCHHUS OIIPEIeICHBl ¢ TOTHOCTLIO
JI0 TIPOU3BOJILHOIO MHOXKHTENIA, MBI HailleM JUCIepCHOHHOe ypaBHeHHue, IoTpeGoBaB, Ha-
npumMep, BoinonHenus pasencrsa p(0) = 1 win

r1e "t

Q(71)

p(x1) (3.87)

—T

Q(x)

[Tocie sroro aBykparuoe auddepennupobanne obenx dacreii B (3.87) npuBoant K aud-
dbepennuanbHOMy ypaBHeHuto s GyHkuun p(r)

* (ﬁ;l_i) _ %p(m). (3.89)

Kak n 0:Ku1a710ch, OHO COBIAJAET C OJAHOPOIHOI YacTbio ypasaenust (3.54). ITomcraBus
ciofia w(zr) = xp(x), noayunm auddepernuaibHoe ypasHenne jiist GyHkuun w(zr), KoTo-
poe coBmajaer ¢ ypasuenueM (3.59)

1= /000 dx(Cx + q) p(z). (3.88)

d?w e ®

dx? _qu(:v) w().

(3.90)

Yenoue nopmuposku p(0) = 1 Gyjer BBHINOJHEHO, €CJIM 3TO YPaBHEHHUE PENIaeTcs ¢ Ipa-
augabiMy yeaoBusvu w(0) = 0 u w'(0) = 1. Tlosromy HaiijleHHAS B TAKAX BBIYHCICHUSIX
dbyukusg w(xr) cOBIaIAET ¢ JHHERHO He3aBUCHMBIM pellleHneM ypasaenus (3.59) koropoe
Mbl 0603Ha4asm nocpeacroM wi(x). Togcrasus B (3.88) p(x) = wi(x)/z, upuxoaum K
JIICIIEPCHOHHOMY YDaBHEHUIO, 3anucannomy B (3.85).

HanmomunM, 9TO TIpHM 33JaHHBIX TPAHUYHBIX YCJIOBHUSIX U MPU BHITOJHEHUH YCJIOBUS
Imz,, > 0, pemenus ypasuenus (3.90) MOKHO HAWTH [71s1 JTIOOOTO TPOU3BOJIBHO 33 IAHHOTO
KOMILIEKCHOTO 3HAYEHUS Zy,. IIpH 9TOM, OtHaKO, byHKIUs w(T) /2T 6yIeT COOTBETCTBOBATE
OJIHOMY U3 PEIeHUH OJHOPOJHOIO UHTErPAJIbHOIO ypaBHeHus (3.87) TOJIbKO B TOM CJiyuae,
KOIJIa KOMILIEKCHOE UHCJIO Zp, $BJIAETCS OJHUM U3 KOPHel JMCIEePCHOHHOTO ypaBHEHUs
(3.85) (mam ypasuenust (3.88)).

Cornacuo ypasuenusm (3.69) u (3.70) s pelnenusi JUCIHEPCHOHHOIO yDPABHEHHUS
(3.85) Tpebyercst 3nanne dbyHKmun wi(x) AUMb B GECKOHEYHO YIATEHHO TOUKe:

dw1
—_— =0. 91
+q[d$]oo (3.91)

DTO 00CTOSATETHCTBO CYIIECTBEHHO YIPOIAET W BOOOINE TMOBBIMIAET JOCTUKUMYIO TOU-
HOCTDb BBIYHCJIEHHIT COOCTBEHHBIX YACTOT 2, U I'PAHUIL OOJIACTH YCTOUIMBOCTHU JIUIIOIBHBIX
KOTepPEeHTHBIX KOJIebaHuil mydKa ¢ CHJIbHBIM IIPOCTPAHCTBEHHBIM 3aPSIIOM.

OrMernm TakzKe, 94TO TPH CYIECTBEHHOM OCTa0JEHUN TPOCTPAHCTBEHHBIX TOJIEH TTyd-
ka (¢ — 0) neocobennoe pemenne ypasnenus (3.90) 3anuceiBaercs B Buge w(x) = .
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B rakom ciyudae upejenom juctepcuonnoro ypashenus (3.85) upu (¢ — 0) siBisiercs
JINCHEPCUOHHOE yPaBHEHME, 3aIllMCAHHOE /1S TOPU30HTAJBHBIX, JANOJbHBIX KOTePEHTHBIX
KOJ1e0aHUil IyYKa, ¢ HYJICBBIMH 3HAYCHUSMU MOJICH IIPOCTPAHCTBEHHOTO 3aPs/Ia:

o oo d
1= C/ dxa:e_x/ up(u) , Imz,, > 0. (3.92)
0 —00 #m T XpU — AIT

3.6.1. Xpomaruvdeckue pa3zdpochl 4aCTOT

[Tepeiimem K cpaBHEHUIO PE3YIBTATOB PACYETOB B PAMKAX MOJENH C CAMOCOITIACOBAH-
HBIMU BBIYUCTIEHUSMU TOJIEell TPOCTPAHCTBEHHOTO 3aPs/Ia MyYKa U MOJIEH KBa3UKEeCTKOTO
nydka. /st npocToThl Mbl OyjieM BbIYUC/IATH I'PaHullbl 00/1acTell yCTOWYMBOCTU I'OPU30H-
TaJIbHBIX JUIIOJIBHBIX KOTI'€PEHTHBIX KOIIe6aHI/II7L CHa‘Iaﬂa MbI, AJid IIPOCTOTHI, ITOJIOZKHUM
a. = 0, a pacupejejieHne UMITYJIbCOB B My4YKe BbHIOEPEM TayCCOBBIM:

. 3.93
u) = . .
pla) == (3.99
B rakowm ciyuae ypasuenue (3.53) 3anuceiBaercs B Buge (¢ > 0uy, =1, xr = 0)
1 1 > exp (—u?/2)
- = du, Imz,, >0
Q(r) Vomn /_OO Zm—u+q(l—e?)/x
i (Hanpumep, B [14])
1 2 T 2 Z 1—e*
= —iV2me 1 + iy [ —e Flerfe (iz1), 2 = —= + ¢g——o—, 3.94
Q(z) 2 (i), 2 V2 1 V2 (3.94)

rae erfc(z) — pyHKIMS JONOJHUTEIBHBI WHTErPAJ BEPOSITHOCTH KOMILIEKCHOM TIepeMeH-
HOIT z. DTa dopMy/ia BBIIOJHAECTCSA IPHU JI0O0OM 3HaKe mapamerpa Imz,. [lomoxenue rpa-
HUIBI 00JTACTH YCTOWIMBOCTH B ILTOCKOCTH KOMILIEKCHOI MepeMeHHOl { BBIUYUCISIETCS CO-
nIacHoO ypasHenuio (3.91):

t=—q { S (3.95)

B KOTOPOM IlepeMeHHasl Z,, U3MEHSeTCs BJIOJIb JlelCcTBUTE/IbHONU ocu. Bxossinue B 310
ypaBHenue 3uadenus GyHKIuu wi(x) U ee NpOM3BOAHOI 110 T HAXOAATCA YUCTEHHBIM PE-
menneM anddepennnanabaoro ypasenuns (3.90) ¢ rpanmanbivMu yeiaousivun wq(0) = 0
u w)(0) = 1. Pe3ysbraTsl TAKUX BBIYUCIEHUH, YIUTHIBAIOIINE CAMOCOLIACOBAHHBIE OIS
IIPOCTPAHCTBEHHOTO 3apsia mydka (puc. 10), TOATBEpKIAIOT OOIIHii XapakTep H3MeHe-
HUM rpaHui; 00J1aCTH yCTORYMBOCTH KOI€PEHTHBIX KoJiebaHuil 1mydKa ¢ yCcujieHueM 1oJeit
€r0 IIPOCTPAHCTBEHHOTO 3apsijia. Y BeJIMIeHne mapaMeTpa ¢ COPOBOK/IAeTCs CIBUIOM I'Da-
HuI 06J1acTeil yCTONYNBOCTH BJIEBO U OTK/JIOHEHUEM (hOPM IpaHuil 0b1acTei ycToianBocTH
OT CHIMMETPHYHBIX, KOJOKOJIOOOPA3HBIX KPUBBIX. OTMETHM ellle, YTO 3TH HU3MEHEHUs CO-
IIPOBOK/IAIOTCS YMEHBIEHHeM BBICOTHI IPaHUIbl obsiactu ycroiiunsoctu (puc. 10), uTo
yKa3bIBaeT Ha YMeHbIeHNe BeJIUYNH TeKpPeMeHTOB 3aTyXaHusd .JIanaay KOrepeHTHBIX KO-
JieDaHuil IPU YCUJIEHUU 110JIEfl TTPOCTPAHCTBEHHOTO 3apsjia Iy dKa.
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Puc. 10. I'panntia o6s1acti yCTORNINBOCTH TOPU3OHTATBHBIX, TUTOJBHBIX KOTEPEHTHBIX KOJIEOAHM
7W3-3a XPOMATUIECKOTO pa3dpoca 9acToT beTarpoHHbIX Kosiebanuit gactull. Koaebanust ycroiian-
BBI HUKe TPAHNYHON KPUBOIi, TAyCCOBO pacupeiesieHne NMITYILCOB B ITyUKe, CIIpaBa HaJyIeBo ¢ = 0,
1,5, 10 and 20; my =1, a. =0

CpaBuenne rpadukoB Ha puc. 10 ¢ ux aHaJOraMu W3 TPEIBIAYINEil TIaBbl MO3BOJIsI-
eT BUJIETh U sBHBbIE oT/nuus ux ¢opm. bBosiee BHuMaTebHoe usydenne puc. 11 u puc.
12 nmo3BosigeT yCTaHOBUTDH, UTO IPEJICKa3aHUd, YIUTBIBAIOIINE CAMOCOIIACOBAHHbIE IT1OJIS
IPOCTPAHCTBEHHOIO 3aps/1a, COOTBETCTBYIOT OoJiee ObICTpoMY 3aryxanuio Jlanmay BOm3n
BEPIUHbl I'PDAHUYHON KPUBOU M HECKOJIbKO MEHBIIUM IHPUHAM 00J1acTeil ycToiiunuBocTu
Ba0sb ocu ReC. IlyHkTHpHBbIE JIMHUKM HA STUX PUCYHKAX BBIYUCIAINCH, UCTOB3Ysl (3.94)
7 JUCIIEPCUOHHOE YPaBHEHUE MOJIEJIN KBA3UKECTKOIO My4Ka:

o 1—e™™\ xe™
- e (sre )

xT

=0, Imw > 0. (3.96)

3.6.2. KyOwmueckas HeJIMHEITHOCTHh (POKYCUPOBKU

[Tepeiimem K u3ydeHuro o0IACTH MapaMeTPOB, B KOTOPOii pa3dpoc UMILYILCOB B IIyUKe
HACTOJIBKO MAJI, ITO BBITIOJIHSAETCS YCIOBHE |Y,| < [¥7| ¥ TOITOMY MbI MOYKEM CIHTATH, ITO
pa3bpoc dacTtor GeTarpoHHBIX KoJiebaHWil YaCTHUIl [MEJTUKOM OIIPeJIeIseTcsl OKTYIO0IbHOMN
KOMIIOHEHTOH (hOKycupyroumx nojei 0w =~ |a.| Iy. s aroro ciaydast nuiem

_ —x

Q(x) =zpm —yxr + ¢——— + IA, (3.97)

e Y = £1, a A — 6eCKOHEYHO MaJjIoe MOJOKHUTEIbHOe JHCI0. PaccMoTpuM cHadasa 00-
JIACTh, B KOTOPO# Y = 1 1 nodToMy Jijisi 1100010 JIefICTBUTE/ILHOIO 3HAUYEHUSI 2;, PE3OHAHC-

Hoe ycJioBue JlaHgay
1—e"
Zm — Y +q——— =0 (3.98)
x

o7
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Puc. 11. I'panwntipr obsract yCTOMYIUBOCTH TOPU30OHTAIBHBIX KOT€PEHTHBIX KOJI€0aHMT n3-3a XPO-
MaTHIeCKOro pasopoca dactor. Kojaedamns ycTONINBLI HUZKE TPAHNYHBIX KPUBBIX, TAYCCOBO Pac-
[peJie/IeHNE UMITYJIbCOB B IIy9YKe, ¢ = O, CIJIONIHAS JUHUAS — CAMOCOTJIACOBAHHBIN PACUET, ITyHK-
TUpHAA — IPEJICKA3aHAA MOJIETN KBAa3UKECTKOIO MydKa; My = 1, a, = 0

BBITIOJTHSIETCST JIJIsl eIMHCTBeHHOrO 3Hadenus: x. [loxcrasisia (3.97) B (3.90), pemas 510
ypaBHenue ¢ rpannabivu yesaosuamu w(0) = 0 u w'(0) = 1, a Tak:Ke UCHOAL3YS ypPaB-
uerne (3.95), HAXOMUM TMOJIOKEHHE TPAHUIBI OOJACTH YCTONYHBOCTH C YI€TOM CAMOCO-
ITACOBAHHOCTH TI0JIEl TPOCTPAHCTBEHHOTO 3apsijia MyYKa (CIUIONIHBIE JINHAHM HA PHC. 13).
CpaBHuBasi HA 9TOM PHCYHKE HOBEIEHHs CIUIOIIHBIX M IyHKTUPHBIX JUHUI, HAXO/IUM,
4TO HpeJICKA3aHUs MOJEJN C CAMOCOIVIACOBAHHBIMHU IOJISIMH IIPOCTPAHCTBEHHOI'O 3apsijia
U MOJIeJIN KBa3MKECTKOTO ITy9YKa COIJIACYIOTCSl TOJIbKO B ONMCAHWH OOIIMX M3MeHEeHMH
I'PAHUYHBIX KpUBBIX. OOe MOzeIn IpeJCcKa3bIBAIOT yBeJNdYeHle CABUra IPAHUIL BI€BO U
yIIUpeHne o6IacTell yCTONIMBOCTU € yBeTHYEHHEM KYJOHOBCKOTO CIBUTA YACTOTHI ITyY-
Ka (¢). OJHaKO MMPHHBI U BHICOTHI 00JACTEll yCTONYMBOCTH KOI€PEHTHBIX KOJIeOAHMIA,
BBIYMCJIEHHbIE B MO/JIeJIN KBA3MKECTKOI'O IyYKa MOIYT CYIIECTBEHHO IPEBBINIATH T€, YTO
HOJIyY€eHBl B MOJIEJIM C CAMOCOTJIACOBAHHBIMHE HOJISIMU IIPOCTPAHCTBEHHOI'O 3apsi/ia.

BoJiee cuibHBIe OTIHYNS OT NPeACKa3aHUil MOJEIN KBA3UKEeCTKOIO IIyYKa OOHADY K-
BAIOTCA B 00TaCTH, IJe KyOHuecKas HeJMHeHHOCTb (POKYCHPOBKHU IPUBOJAUT K YMeEHbIIe-
HUIO CJIBUIOB 4acTOT OGeraTpoHHBIX KoJebanuii qacrur (Y = —1). B aroit obsactu napa-
METPOB COBMECTHOE JielicTBIe KyOn4ueckoil HeJiuHeiiHocT (DOKYCUPOBKY U HEJIMHEIHOCTel
1oJiell TPOCTPAHCTBEHHOI'O 3apsijia IIyYKa HPUBOAUT K TOMY, YTO CJBUI' YAaCTOTHI HEKOTe-
PEHTHBIX TOPU30HTAIBHBIX OETATPOHHBIX KOJIEOAHWI MOYKeT JOCTUraTh MAKCHMyMa IIpH
HEKOTOPOM 3HAYEHUH aMIUTATY (b Kostebanuii yactunpl (puc. 4). [losoxKeHne TOUKH MaK-
CHMyMa CJIBATA 9aCTOTH A®,(Z) YCTAHABINBAETCS PEIIEHHEM yDABHEHUST

d l—e® ge " — g
Z e g— 1+ o —0. (3.99)
dx T o

T=x0
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Puc. 12. To xe, uro u Ha puc. 11, Ho ¢ = 20

25 -20 -15

B nesiBHoit (bopme KOpHE 3TOI0 ypaBHEHUs Ty OIPEAe/aioTcs (POPMy.I0ii

- i _g T 240 3.100
q_l—e—xo—xoe—xo_ +§x0+Ex0+ (z3) - (3.100)

DTO BHIPAKEHHE TO3BOJIAET YCTAHOBUTH, YTO MAKCUMYyMbl AW, () MOABAAIOTCS JUNID B
obacTax, rjae ¢ > 2 u Te Kpubas To(q) ABASETCS MOHOTOHHO BO3pacTamolieil (hbyHK-
nuedi nepemenHoii ¢ (puc. 14). 910 03HAYAET, UTO JJIA MYYKOB € MAJBIMU HOJISIMH IPO-
CTPAHCTBEHHOTO 3apsjia ¢ < 2 pe3oHaHcHoe ycjopue Jlammay (3.98) BbImoOHsIETCS st
e/TMHCTBEHHBIX 3HAUeHUil x. B mpoTuBonosokuoM ciaydae (¢ > 2) Ha KpuBoii Aw, () mo-
SIBJIsIeTCsl 00JIACTh, B KOTOPOii pe3onancHoe ycaoBue (3.98) BBINOIHIETCS B JABYX TOYKAX T
(na puc. 4 smo cerment ABC). HamomuuM, 9410 nMeHHO B 5T0if 061aCTH MapaMeTPOB MO-
JieJTb KBa3UZKEeCTKOI'O My4Ka IpejcKa3biBasia 3pdekT anTu3aryxanus Jlaniay JumoabHbIX
KOTepPEHTHBIX KOJIebaHuil /s MydKa ¢ CHJIbHBIM IIPOCTPAHCTBEHHBIM 3aPSIIOM.

B obnactu mapaMeTpoB, TJie BBIIIOJTHEHBI YCI0BUL Y = —1, a ¢ > 2, BRIYUCIEHUS T'pa-
Hui, obsacru yeroituusocru §(zy,) ¢ nomompio ypasaenus (3.95), B KOTOPOM LepeMeHHas
2 M3MEHSIeTCs TapaJIJIeIbHO ee JIeHCTBUTE/IHHON OCH, TPUBOAAT K O0JIee CJI0KHBIM KPH-
BBIM, Y€M Te, KOTOPble HaM y7Ke BCTPedYasnch B MOJOOHBIX 3aj1avax (Hampumep, puc. 15).
Bo-nepBbIX, Bce Takme JIMHUHU TEJIUKOM PACIOJJIOXKEHBI B BepXHEil MOJIYILIOCKOCTH KOM-
IJIEKCHOI mepeMeHHO {. DTO 03HA4YaeT, YTO IIpH JTIOO0M 3HAYEHHH BEJINYUHBI 1Mz, BHI-
YUCJICHHUS C CAMOCOT/IACOBAHHBIMHE TIO/ISIMU IPOCTPAHCTBEHHOTO 3apsijia (POPMAJIBHO TIPE/I-
CKa3bIBAIOT CIIEKTPbI KOTePEHTHBIX KoJiebanuii 6e3 anrtuszaryxanus Jlangay. Bo-BTopbix,
HAMPUMeD, CILIONTHAS JINHUS HA PUC. 1D W aHAJOTHIHBbIE KPUBBIE MMEIOT 10 Kpaiineil Mmepe
OJIHY TOYKY camomepecedenus: (Ha puc. 15 310 Touku B u B'). ITosromy eciau C moma-
JIAeT B TAKYI0 TOYKY, TO y JUCIEPCHOHHOTO ypaBHeHus (3.85) MOSIBISIOTCS JBA KOPHS,
HAIIpUMep, 2w 27(3), C OJHUM M TeM Ke 3HaYeHueM Imz? = A, HO ¢ OTJTHYIAIOTIIMHUCS
sHaveHuIMu Rez,,. L1 Bcex ocTalbHBIX TOYEK, Hanpumep, Ha KpuBoii ABDBC na sTom
PUCYHKE JUCHEPCHOHHOE YPaBHEHUE MMEET eIUHCTBEHHBIC KOPHU 2, + A, aeficTBuTe b
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Puc. 13. I'parursr ob1acreit yCTONIUBOCTU JUTIOIBHBIX, TOPU30HTAIBHBIX KOTEPEHTHBIX KOJ1e0a-
unii. Kojiebanus ycroituuBb! 1oy rpaHuvHoi Kpusoii. CILIONIHBIE JIMHUU — CAMOCOTJIACOBAHHBIE
T10JIs1 IPOCTPAHCTBEHHOTO 3aPsAIa, OKPYKHOCTH U IIyHKTUP — MOJIEIb KBA3UKECTKOTO My YIKa; CJIe-
Ba mampaso ¢ = 0.1, 5, 10, 20; x =1, m, =1, A = 0.001

HbIe YaCTH KOTOPBIX M3MEHSIOTCS ¢ M3MeHeHneM mapaverpa (. UucieHHbIe HCCae10BaHusT
IIOKA3bIBAIOT, YTO I UCIOIB3YeMON MOJIEIH CaMONepecedeHns Ha KPUBbIX (2, ) mpora-
Jlal0T TOMBLKO B obaacTu, rae ¢ > 370 (Imz,, = 1078), umm B obnactu, rae ¢ < 0.1. Dto
KA4eCTBEHHO COIJIACYETCs C HPEJCKA3aAHUSIMU MOJE/M KBA3UZKECTKOTO IMydKa, B KOTOPOit
sIBJIEHUE aHTU3aTyXaHus JIaH1ay KOrepeHTHBIX KOJIe0aHuil MOSB/ISIIOCh B OTPAHUIEHHON
obJ1acTu mapamMerpa q.

BuyTtpu obsacteit mapameTrpa ¢, COOTBETCTBYIONINX MOSIBJIEHUIO CAMOIIepecedeHnil Kpu-
BBIX ((2y,), MOJKHO YHCJIEHHO HAlTH 061acTu T, B KOTOPBIX MHUMbIE YACTH KODHEIl Juciep-
CHOHHOTO YPABHEHUSI OKA3bIBAIOTCsI MEHbIIE 33/[aHHOr0 3HadeHus. Hanpumep, cpaBuenue
Ha puc. 15 Xoja CIUIONIHON W NMyHKTUPHON JIMHUI YKa3biBaeT Ha TO, 4YTO 00JIACTH IO/
crtormHoi kKpuBoit ABC, a takxke obsacts, orpanndennas nerieit BDB, comepxkar jumn
KOpHH JUCIEPCUOHHOTO ypaBHenus ¢ Imz,, < 0.1. [Ipu sTom ymenbiienue mapamerpa A
CMEIAeT MOJOXKeHNe TOUYKH caMollepecedeHns B CTOPOHY MEHBITUX 3HAYeHU mapaMeTpa
ImC. ITocne takoro cmemenuns: Boicora obmactu ABC takike ymenbmiaercs. Hampuwmep,
yMenbirerne A B jiecsath pa3 cyxkaer obiaacrb ABC B obmacts A'B'C’ (na puc. 15 noka-
3aHa JIMIIb MaJjast 9acTh 91oif obiaacrn). B npegene Imz,, — 0, Koropsiii cooTBeTCTBYeT
OOBIYHOMY OIIpEJIe/IEHUIO TpaHuIbl obsacTu ycroitunsoctu, cerment ABC crpemutcsa K
JIeCTBUTENBbHOI OcH §. DTO 03HAYAET, UTO, XOTS BHIYUCIEHUSI C CAMOCOTJIACOBAHHBIMU TIO-
JIIMH TIPOCTPAHCTBEHHOTO 3apsja MydYKa W He MPeICKA3bIBAIOT MPIMOTO AHTU3ATYXAHUST
Jlanay KorepeHTHBIX KoJieDaHuil, KOTOPOE MOSIBJISIOCH B MOJE/IN KBA3UKECTKOTO Iy YKa,
OHW TIPEJICKA3BIBAIOT HY/IEBbIE 3HAYEHUsI JIJIsA JeKPEMEHTOB 3aTyxanus JIan ay nHTeHCUB-
HBIX HOHHBIX IYYKOB B oOnactu ¥ = —1. B cooTBercTBHE € 3TUM ypaBHeHUE T'DAHUIIBI
0b1acTH yCTORYNBOCTH KoJebaHuii onpenensgercsa ypasaeanem Img = 0.
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Puc. 14. 3aBucuMoCcTh TOJIOKEHUST MAKCUMYMa, £ CIBUTa 9aCTOTHI TOPU30HTAJIBHBIX OeTaTpOH-
HBIX Kosebanmit Aw,(x) oT ¢, y = —1

2 4 6 8

BoJiee oapobHoe usydenue 3TOTO SIBJACHUS TMOKA3BIBAET, YTO CaMOIepecevdeHus Kpu-
BBIX (2, + ©A) MOSBJSIIOTCS IPU U3MEHEHUHU Z,, B HEPE3OHAHCHOI 06JIaCTH YACTOT Zy,, B
KOTODOIi JI/ist BCeX 3HAUEHUIl & BBIOJIHEHO YCJI0BHe (CM. TakzKe puc. 16)

—x

|
Qs ) = 2 + 2+ g—— > 0. (3.101)
T

Hanpumep, g MyHKTHPHOIT KpuBoii Ha puc. 15 510 Touku cermenta DEFB'C’. B sroii
00J1aCTH B3aMMO/IeiiCTBHEe KOTePEHTHBIX  HEKOTePEHTHBIX KOJIeOaHni HOHOB He sIBJISETCS
PE30OHAHCHBIM M HE HPUBO/IUT K 3aTyXaHUIO ﬂaHﬂay. ﬂﬂﬂ IIy4Ka C O4€Hb C.Ha6bIMI/I I10JIAMN
HPOCTPAHCTBEHHOTO 3aPs/ia B TAKO 00/1aCTH ypaBHEHUE I'PAHUIILI 00JIACTU YCTONYNBOCTH
copazaer ¢ Im¢(z,) = 0, a Bennuuna Rel(z,,) MOHOTOHHO yBEJUYHBAETCH C POCTOM
napamMeTpa 2. lloaromy 00acTH IIOCKOCTH KOMILTEKCHON HmepeMeHHOH G, comeprKalme
YCTOIYNBBIE U HEYCTOWINBBIE PEIeHNUsI, He TepPeceKalTc.

DTO CBOHCTBO IpaHUIbI 00/IACTH YyCTORIUBOCTU MOZKET HAPYIIATHCS JIJIS 1y 9Ka C CUJIb-
HBIMHU, CAMOCOT/IACOBAHHBIMU TIOJISIMU TIPOCTPAHCTBEHHOTO 3apsiia. COrjlacHO ypaBHEHUIO
(3.90) meiicTBre MOJIEl TPOCTPAHCTBEHHOTO 3apsijia BHI3bIBAET N3MEHEHHUsT aMIIHTY/ 1 (a3
JIUIIOJIbHBIX KOT€PEHTHBIX KOJIeOaHUil mydKa IpH U3MEHEHHH aMILIUTY] HEeKOrepPeHTHBIX
KoJebanuii yacrur. B obmactu, onpejenennoil HepasenctsoM (3.101), Takne m3MeHeHHst
SIBJISIOTCsE OCHULIATOPHBbIME. Mcnonb3ys dhopmyiy (3.85), 3auuiiem ypaBHeHue jijisi rpa-
HHUIBI 00JIACTH YCTOWIUBOCTHU B CJIEJLYIONIEM BHU/IE:

e w(x)
- A
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Puc. 15. K onpengenenuto rpanuiibl 06,1aCTH yCTONINBOCTH TOPU3OHTAIHHBIX KOTEPEHTHBIX KOJIe-
bamnii. Crromuas guansg — A = 0.1, nyakrupaag — A =0.01;, ¢ =8,y = -1, m, =1

B obstactu, onpeesnsemoit nepasercTsoM (3.101), byukiun wy u Q (2, ) ABIASOTCS J€ii-
creuTenbHbIME. [To9ToMy ImC B (3.102) o6pamaercs B Hy/Ib aBTOMaTHYeCKH. Temepsb 3a-
METUM, 4YTO IIPpU HEKOTOPOM 3HAYECHUU Zpy, = Zpo OCHUJLIIALIMA W1 MOI'yT O6paTI/ITb B HYJIb

dakTop:
e Twy(x)
dr——. 3.103
[ “gmms (3:105)
Eciin 310 HE conmpoBokK/1aeTcs 0J{HOBPEMEHHBIM OOpalieHueM B HyJIb (pakTopa,
e Twy(x)
1—¢q / dr———, 3.104
0 xQ(zmm .T) ( )

TO B OKPECTHOCTU TOYKHU Zpo byHkms ReC(z,,) okasbiBaeTcst ObICTPOU3MEHSIOMIEHCST 110
BEJINYUHE U 110 3HAKY. DTO MPUBOJIUT K CAMOIEPeCceIeHusIM KPUBOil {(2,,) mMpu mpoxozK e-
HUAW IIaPAMETPOM 2, OKPECTHOCTH TOUKU Z,(.

Harmomuum, 410 nosijieHue camMoliepecedeHnil rpaHui; 00/1acTi yCTORYMBOCTH KOT'e-
PEHTHBIX KOJIeDAHUT MOYXKET ObITh CBSI3aHO C YBEJUYEHUEM YUC/I1a MAKCUMYMOB Y (OYHKITHU
pacrpejeseHus 4acToT Kojebanuit B mydke. [Ipuwannoit ¢popmMupoBanmsi TaKoro pacipe/ie-
JIEHHS 9aCTOT MOXKET CTaTh MHOTI'OIIOTOKOBOCTb HEYCTOMYMBOCTU KOT€PEHTHBIX KOJIeOaHuit
M3-32 MHOXKECTBEHHOCTH KODHEil pe3oHaHcHOro yciaous Jlammay (puc. 16). Hamommum,
YTO AHAJOTHYHBIE CAMOIIEPECeYeHHsT PAHUIL 00JIACTH YCTORIUBOCTH MOIYT HOABISITHCS B
3ajiave 00 M3yUeHUHU YCTOWYMBOCTU HPOJAOJbHBIX KOT'€PEHTHBIX KOJieOaHUi HerpepbiBHO-
ro mydvKa, B3aWMOJIEfICTBYIONIETO C MUPOKOIOJIOCHBIM UMIIEJAHCOM BOJIN3U KPUTUUIECKO
SHEPIUHU HAKOIHUTEIM.
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Qz,,x)

Puc. 16. ITpumep 3aBucumoctu daxropa Q(zm,T) Or T B HEPE3OHAHCHON 00/1aCTH; Zpym = D,
x=—-1m;=1
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I'1aBa 4

3akJounTeJbHbIe 3aMeYaHns]

JInst Hepe30HAHCHOTO B3AaMMOJIEHCTBHS JTUIOJTBHBIX KOT€PEHTHBIX KoJIe0aHuil Hempe-
PBIBHOI'O IIy4YKa C OKPYKAIOMUMHU €r0 3JeKTPOJaMU Mbl U3YyUUJIU BJAUSHUE HOJIEH I1PO-
CTPAHCTBEHHOI'O 3apsijia Iydyka Ha (POPMbI IPAHUI] 00JIACTH YCTORYIMBOCTH KOJIeOAHU U
Ha GOPMBI CIIEKTPOB TyMa MydKa. ITH POPMBI CYIIECTBEHHO 3aBUCAT OT PACIpeIeIeHs
JaCTOT B IIyUYKe U, B YACTHOCTH, OT BEJIMIUH Pa30pPOCOB YaCTOT HEKOTePEHTHBIX KOoJleDaHmil
B mmyuke. Pe3y/ibTaThl TAKUX HCCIeI0BaHUi OKA3bIBAIOTCA IYBCTBUTEILHBIMU K OCOOEHHO-
CTSIM MOJIeJIel, KOTOpble MCIOJb3YIOTCs JiJIsi YIIpolieHus Bbiuucaenuii. Hanpumep, cuibt
1oJieil IMPOCTPAHCTBEHHOI'O 3apsi/ia IMyYKa He BJIUSIOT Ha JIUIOJIbHbIE KOI'€PEeHTHbBIE KOJIe-
OaHWsI TydKa, ecjan pa3dpoCchl 9acTOT B HEM, BHIUHNCJIEHHBIE B NMPeHEOPeKeHN BKJIaIaMu
oJieil MPOCTPAHCTBEHHOr'O 3apsi/ia MIy4YKa, paBHbI HYJII0. Be3 OKTYNOJIbHBIX IMOJIeil Ha 3a-
MKHYTOH opbure (a. = b. = 0) mOJsI TPOCTPAHCTBEHHOTO 3apsja MydYKa HE U3MEHSIOT
JidarpamMMy YCTOMYMBOCTU €10 JIMIOJIbHBIX KOI'€PEHTHbIX KOJICOAHU 1IPU YCJIOBHH, YTO
pacupeeieHne UMITYJIbCOB B Iy YKe JIOPEHIEBO. JTU 00CTOSATEIHCTBA CJAEAYeT YINThIBAThH
[pH BHIOOPE MOJIE/IN OITUCAHUS MydKa.

4.1. Kojgebanusa B MOJean KBa3MKECTKOTO IMy4dKa

OuH u3 crmocobOB YIPOIEHUsT BEIYUCIEHUI T0JIeil TPOCTPAHCTBEHHOTO 3apsiia Iy IKa
OCHOBaH Ha TPEJIOJIOKEHWH O TOM, YTO TPHA OMUCAHUN IUTIOJHHBIX KOTEPEHTHBIX KOJIe-
OaHuii 1OJI HPOCTPAHCTBEHHOTO 3apsija ONPEJIE/ISIIOTCI TeMU Ke (popMyIaMu, KOTOPBIE
HMOJTYJIAIOTCS TIPU YKECTKOM pacIpeie/IeHUN YacTHI[ B MIYYKe. JTO MPEJII0JI0KEeHHe CYIIe-
CTBEHHO YIPOIIAET BbIYMCJICHUS JIMCIEPCUOHHBIX YPABHEHUI JUIIOJIBHBIX KOJIeOaHUil, HO,
CTPOr'O TOBOPsi, HAPYIIIAET CAMOCOTJIACOBAHHOCTH BBIYUC/IEHUH 1OJI€Hl TTPOCTPAHCTBEHHOTO
3apsijaa. B Hammx pacyerax Mbl TaKyKe HI'HOPUPOBAJIM BKJIAIbI B TTOJISI TPOCTPAHCTBEHHOT'O
3aps/ia 3apsI0B N300pazKeHHil yYKa B CTeHKAaX BaKyyMHOI KaMepbl. DTO IPEeII0I0KEeHIE
CIPaBe/IJIUBO JIUIID IIPH YCJIOBHH, YTO MOIEPEYHbIe pa3Mephl MyUYKa CYIEeCTBEHHO MEHbIIIe
MOTIEPEYHBIX PACCTOAHUI OT MyYKa JI0 CTEHOK.

[Tostoxkenust 1 (popmbl rpanuil 06/1aCTH yCTORIMBOCTH JAUIIOJIBHBIX KOJIeOaHUT OTparka-
0T W3MEHEeHUsI B X 3aTyxaHuu JlaH1ay u moporoB HEyCTOWINBOCTEl C N3MEHEeHUeM BeJIN-
YUHBI KOTePEHTHOTI'O CABUTa JacTOTH MOHOXPOMATHIECKOTo IydKa 2., ,. MakcumaabHbIe
3HAYEHHS JIEKPEeMEeHTOB 3aTyxaHud JIanmay onpeensgiorcs pa3dpocaMu JacToT IIyYKa 3a
CYeT XPOMATHIHOCTU (DOKYCUPOBKH U HEJTMHEIHBIX 3aBUCUMOCTeH (POKYCHPYIOMINX TOIeit
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KOJIBIIA OT MOIEPEeYHbIX KOOpAuHAT dactull. [Ipu 3rom ycuienue noseit mpocTpaHCTBEeH-
HOT'O 3apsi/la MOYKET CYIIECTBEHHO YMEHbIIHUTD JIeKpeMeHThl 3aryxanus Jlangay. [Tomumo
9TOT0, TOJIs TTPOCTPAHCTBEHHOIO 3apsi/la MHTEHCUBHOI'O IyYKa MOTYT THepepacipeie/siTh
3aryxanne Jlanmay ma obmactu €2, ,, B KOTOPbIX IUIOJIbHBIE KOTepDEHTHBIe KOTeOaHH:d
OYYKOB C MAJTBIMU 3HAYeHUAMEU AVy ObLTH OBl HEYCTONIUBBIMH.

CoBMecTHOE JeficTBHe HA YACTUIBI KyOWUecKoit HemnHeitHoCTH (DOKYCHUPOBKH KOJIBITA
U HeJauHeHHocTeidl moJjieil MpOCTPAHCTBEHHOI'O 3apsdjia MOXKET HIPUBOJIUATH K HEMOHOTOH-
HBIM 3aBUCUMOCTSIM YaCTOT OETaTPOHHBIX KOJIeOAHWIl OT aMILIUTY KOJeOaHuil dacTHIl.
Ecaun dysknum pacupenesienns mydka M0 aMILIATYAaM O€TATPOHHBIX KOIeOAHMIT IBISIIOT-
cd raagkumu gynknuamu I, u I,, To Takue HeMOHOTOHHbIE 3aBUCHMOCTH YacTOT OT I,
u [, IpUBOIAT K NOABJIEHHIO Pe30HAHCHBIX YacTull B mydke. Hampumep, MokeT oKa3aThb-
¢ 4TO KOJIeGaHUsIM 4YaCTHUIl ¢ JIBYMs OTJIMYAIOIIMMUCH aMILIUTY/JaMU B CHEKTPe IIy4YKa
COOTBETCTBYET OJ[HO 3HA4YEHUE YacTOThl KoJjieOanuii. B mporuBONOJIOKHOCTD OOBIYHOMY
CJIy9ar0, B MOJEIN KBA3MKECTKOTO MyYKa TAKOe COBMAJIEHUE MPUBOJIUT K AHTU3ATYXAHUIO
Jlanmay KOrepeHTHBIX KOJeOAHWi MydYKa ¢ CUJIBHBIM HPOCTPAHCTBEHHBIM 3apA/IOM. ODTa
0COOEHHOCTH TPAHUIIBI OOJACTH YCTOWYHUBOCTH JUTOJLHBIX KOJIEOAHUN MydKa C ILIOCKUM
U KpYyIVIbIM 1onepednbiM cedenuem. [Ipu 3a/iaHHOl BesiMuuHEe HONEPEYHOIO UMIIE/IAHCA
BaKyyMHOI KaMepbl HAKOIUTEJIS HeXKeJIATeJbHOCTh TAaKUX U3MEHEHUN IPaHUIlbl 00/I1acTh
YCTOMYNUBOCTH MOYKET yCTaHAB/JIWBATH IMpeJiesl HA JOCTUKUMOE 3HAYEHUEe KYJIOHOBCKOTO
CIBUTA YAaCTOTHI MOHHOTO Iy4ka. Hampumep, Takoii mpeen MOXKeET JTOCTUTATHCI B HAKO-
OUTEIX € TEKTPOHHBIM OXJIaZK/IeHUEeM UOHOB.

O/1H0#1 U3 NPUYUH MOSBICHUS KOT€PEHTHBIX KOJIeOAHMIT IyYKa HOHOB MOYXKET CJIyKUTh
JIefiCTBUE Ha IMYyYO0K CJIyYaifHbIX TOJYKOB UJIU TEIJIOBOE JIBUYKEHHE TACTHUIL My IKa. AMILII-
TYJbI ¥ (ha3bl TAKUX KOJIEOAHU SABISIOTCS CYyYAHBIMU BEJIMIMHAME, 8 COOTBETCTBYIOITNE
CUTHAJIbI, HAOTI0JaeMble, HAllpUMep, MHKA-3IeKTPOIAMU, MPEJCTABISIIOT COOON MTyM UIn
daykryanuonnsrit pon nyuka. Bangsa na KorepeHTHBIE KOJIeOaHUsd, MO TPOCTPAHCTBEH-
HOTO 3aps/ia W3MEHAIOT CIeKTPHI IyMa JTUMOJbHBIX KOTePEHTHBIX (DIYKTyaruii mydJka.
Habumosjaembie B TaKUX U3MEPEHUSX U3MEHEHHSI CIIEKTPOB 3aBUCHAT OT BEJUYUHbBI KYJIO-
HOBCKOT'O CJIBUTA YAaCTOTHI MyYKa ¥ MOTYT ObITH UCIOJb30BAHBI JIJIsi TPSIMOT'O U3MepPeHUsI
BeauuuHbl AVy,. QOpMBI 1 OCOOEHHOCTH CIIEKTPOB IIyMa IIyYKa 3aBUCAT OT PACCTOSHUS
Q,,» 70 TpaHUIBl 00TacTH ycToifumBocTH Kosebanuii. Ilpn 3amamHOM 4mce gacTun B
Oy9YKe OHO MOXKET DPeryJHpOBaTbCS UCIOJIb30BAHUEM CUCTEMbI OXJIAXKIEHUs MydIKa WIN
HOJIXO/IIIEN cucTeMbl 0OpATHON CBsA3MU, JieMiipupyoiieil HeyCTOYuBbIe MOJIbI.

VBejim4uenne NIyMOBBIX CUTHAJIOB IIy4Ka BOJIM3U IMOPOTOB HEYCTONYUBOCTH KOTE€PEHT-
HBIX KOJIeOaHUIl MOXKeT YCUJIMBATD AU @PY3UI0 YACTUIL IIyIKa HA €ero KOTepeHTHHIX (DJIyK-
ryarusax (sampumep, B [3]). Cpeau mpovero, 310 MOXKeT NPUBOIUTH K JOMOJHUTETIHBHOMY
HArpeBy My4YKa MOHOB M K COOTBETCTBYIOMIEMY YBEIUUYEHUIO €0 MONEPEeYHBIX Pa3MepOB
DU OXJIAXK/IEHUU 11y UKA.

4.2. Permenuga ¢ caMoOCOrJIaCOBAHHBIMUI ITOJIAMMU
IIPOCTPAHCTBEHHOI'O 3apsdaa

BBuay cioxxuoctn 3a1a4um 06 yduere BANSHUST CAMOCOIJIACOBAHHOCTHU TOJIei TPOCTPaH-
CTBEHHOTO 3apsija IydyKa Ha OCOOEHHOCTH €ro JAUIOJBHBIX KOTePeHTHBIX KoJeOaHWil, ee
peleHns n3yv4ajauch B IOCOOMHM B paMKaX CIIeNHa/IbHOM Mojenn. B 310l Mojaenn BuIvYuc-
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JIEHUSI TIPOBOJSATCS JI/Isi TOPU3OHTAIBHBIX KOT€PEHTHBIX KOJIEeOAHUIT IIydKa HOHOB, MOIIe-
pedHoe cedeHne KOToporo B (pa3oBOM IPOCTPAHCTBE HEBO3MYIIEHHBIX OETATPOHHBIX KOJIe-
OaHuii YacTHI] TPEJCTABJISACT COOOM JIEHTY, BBITSHYTYIO B TOPU30HTAILHOM W B MPOJ0JIb-
HOM HampajeHHudAX. llosydennbie pe3yabTaThl CDABHUBAJINCH C TPEACKA3aHUSIMU MO/IETN
KBa3MKECTKOTO TydYKa. BpLIO Halifeno, 94To mpejacKazanus 00enX Mojeseil COBIAIA0T B
TeX Caydasx, Korja (hyHKIUS pacupeieeHns UOHOB MO aMILTUTYIaM TOPU3OHTATbHBIX
KoJieDaHuil gBJisiercsd crynendaroit pynknueit [, uim Korja Ha opoutre OTCyTCTBYIOT OK-
TYIOJIBHBIE T0JIsI, a Paclpe/ie/IeHre UMITYJIbCOB B IIyYKe sIBJISeTCS MOHOXPOMATHYECKHM
UJIU 3371aeTCs JIOPEHTIEBBIM PacIpeeleHIeM.

J119 HepepbIBHBIX MYYKOB € YKCIOHEHIUATBLHBIM paclpe/ieeHueM 1o [, WHTerpasib-
Hble YPaBHEHUS I TADMOHUK (DYHKIIMH PACIpeIeTeHus yIaeTcs Mpeodpa3oBaTh B Iud-
depennuasibubie ypasuenus. s 3a/1a4 Ha COOCTBEHHbIE 3HAUYEHUST 9TO OJIHOPOJIHOE, A JIJIsI
33124 O PA3BUTUH HAYAJIHHOTO PEZKMMA ITO HEOTHOPpOoAHOe JnuddepeniraibHOe ypaBHEHNE
¢ nepemMerHbIME Ko3bdunmentamu. Habroaemple mapaMerpsl Mydka (JAu3IeKTpraeckas
IIPOHUIAEMOCTh, IUTOJbHBIi MOMEHT U T. II.) BBIPAZKAIOTCS Yepe3 HECHHTYJISPHOe Dellle-
rue ypasaerus (3.59). B ob1iem ciryuae Takoe pelnerne siBisieTcst KOMIUIEKCHON (hbyHKIme
9aCTOTHI (Z,) U AMIUIATY bl OETATPOHHBIX KOJeOAHUTT YacTUIlbl. DTa (DYHKIH ONUCHIBACT
KOJUIEKTUBHYIO PEAKIINIO KoJieDaHuil ITPOCTPAHCTBEHHOIO 3apsijia B Iy4dKe. B mpoTusoro-
JIO?KHOCTD TPEJICKA3AHUIO MOJIE/IN KBAa3UZKECTKOIO MydYKa KOJebaHusi MPOCTPAHCTBEHHOTO
3aps/ia, onucbiBaeMbie hopM-HaKTOPOM w (), U3MEHSIOT KAK KOTePEHTHbIIl C/IBAT 9aCTO-
THI MMy4YKa €ro NPOCTPAHCTBEHHBIM 3apSA/IOM, TaK U JIeiCTBUE HA YACTHUIIHI MMTHPOKOIOJIOC-
HBIX HABEJIEHHBIX MOJIeH MyYKa. DTO U3MEHSET CIEeKTDP YaCTOT KONePEHTHBIX KOoiebanuii u
dopmy rpaHuibl 00J1aCTH YCTORIUBOCTU STUX KOJIEOAHUIA.

HauboJsiee 3nauuTe/biubie OTJIMYUS OT TPEJICKAa3aHUN MOJEIN KBA3UKECTKOTO IMydKa
Hali/IeHbl TIPU pacdeTe IPAHUIIBI 00JTACTH YCTOUIUBOCTH JUMOJIBHBIX KOJEOAHUN IS CITy-
Jasd, Korja 3aryxanue Jlammay xonebanmii obecriednBaeTcs HEJIHHEHHOCTHIO MOJIel TMPo-
CTPAHCTBEHHOTO 3apsia W TaKOi OKTYHOJHHON HETHHEHHOCTHIO (DOKYCHPYIOMHMX IOJIeil,
pU KOTOPOH 4acTOTHl DETATPOHHBIX KOJIEOAHUN YACTUIl yMEHbIIAIOTCS ¢ POCTOM aMILIu-
Ty OeTaTpOHHBIX Kosiebanuit. B Takoit obJjiacTu u Jijist O9eHb MUPOKOTO JIMANAa30Ha Mapa-
MeTpa TPOCTPAHCTBEHHOTO 3aps/ia ¢ BBIYHUCIEHUs, YINTHIBAIOIINE CAaMOCOTJIACOBAHHOCTH
noJieil MPOCTPAHCTBEHHOTO 3apsjia, MPeJCKA3bIBAIOT, YTO JTUMNOJIbHBIE KOJTeOaHusd OYyIyT
ycroitauBel ik B obmactu ImE < 0. D710 o3HAYaeT, YTO TaKasg KOMOWHAINSA OKTYIOb-
HBIX 110JIefl U 110J1ell IPOCTPAHCTBEHHOIO 3aps/ia YHUYTOXKAET 3aryXanue Jlanjay JuinoJib-
HBIX Kojiebanuii myuka a1 Beex 3uadennii ReC. To 06cTosgrenbeTBo, uro a3dhdekT anTusa-
TyxaHud JIaHmgay He nMeeT TAKOTO yKe IpPKOT0 BBIPAYKEHNSI, KaK 3TO OBLIO B MOJIETN KBAa3H-
JKECTKOTO MyJKa, He JTOJKHO BBOJAUTH YUTaTesd B 3a0myx)aenue. [lockoabKy moporosbie
TOKHU MyYKa 3a CUeT TAKUX OKTYMOJBHBIX MOJeil paBHBI HYJTI0, TpeboBaHUMe o0ecredeHust
YCTOMYUBOCTH KOT'€PEHTHbIX KOJIeOAHUI Iy YKa ¢ CAMOCOI/IACOBAHHBIMU 1IOJISIMU IIPOCTPAH-
CTBEHHOTO 3apsi/ia BBIHYZKJIA€T YCUJIMBATH XpOMaTHYeCKoe 3aryxanue Jlanjgay KorepeHt-
HBIX KOJIEOAHWI WU UCTIOTH30BATD JIJIsT AeMIIPUPOBAHUS HEYCTOWIHBBIX MOJI, TIOXOISIIIIE
CHCTEMBI OOPATHOIl CBA3MH.
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4.3. N3mMepeHuns KyJOHOBCKOT'O CABUTa 4aCTOThI

Boruncienns xapakTepHCTUK JUIMOJIbHBIX MOIMEPEYHBIX KOMePEHTHBLIX KOJIeOaHuil noH-
HBIX IYYKOB, YYUTBIBAIOIIME CAMOCOIJIACOBAHHOCTDL I0JI€il IIPOCTPAHCTBEHHOI'O 3apd/ia,
O/ITBEPK/IAI0T IYBCTBUTETLHOCTH TPAHUIL 00JIACTH YCTOMINBOCTH KOJIeOAHUI U CIIEKTPOB
JUTOJIBHBIX KOTE€PEHTHBIX NIYMOB IIyYKa K BeJINYNHE er0 KYJOHOBCKOI'O CJABUTA YaCTOTHI.
[To »1oit npuyurHe U3MepeHusi TAKUX CIEKTPOB M (PYHKIUN OTKJIUKA IydKa MOTYT OBITH
MCITOJIH30BAHbI JJIs TPSIMOTO U3MepeHns mapamMerpa Avy u, HaTpuMep, SMUTTAHCA Ty YIKa.

Cremxyer MOMHUTB, UTO pPe3yJIbTAThl TAKUX HU3MEPEHUH TaKzKe BeCbMa YyBCTBUTEJb-
HbI K 3HAUYEHHUSM MapaMeTpOB, OIPEJIeIONINX BHEITHIEe Pa3dpoCchl 4acTOT OETaTPOHHBIX
koJsieDanuit B 1myuke. [Toaromy Jiis 1npoBejienus udMepenuii, Haupumep, Avy ¢ 1OMONIBIO
HAOJIIO/IEHNS JIUMOJbHBIX KOI'e€PEHTHBIX KOJIeOaHUN IydYKa MOYKET OKa3aThCd IOJIE3HBIM
pasmMeleHre Ha 3aMKHYTOW OpOMTE HAKOMUTEJIS JOCTATOYHOIO KOJUYECTBA XOPOIIO Ka-
JTUOPOBAHHBIX OKTYIOJIBHBIX U /HJIH CEKCTYHOJIbHBIX JIHHS3.

[Ipu mpoBeeHnN n3MepeHnii ¢ NCIOIb30BAHNEM BHEITHEH pacKadKl KOT€PEeHTHBIX KO-
JiebaHuii cjiejlyeT HOMHHUTh, 9TO 110 KpaiiHell Mepe CuJibl IIPOCTPAHCTBEHHOI'O 3apsi/ia 11y YKa
HEJIMHEWHBIM 00pa30M 3aBHUCAT OT HONIEpevYHbIX cMelnenuit gactuil. [lomumo mpouero, Ta-
Kasl HEeJIMHEWHOCTh TPUBOJIUT K 3aBUCUMOCTHU YAaCTOT JUIMOJIbHBIX KOTEePEHTHBIX KOJIe0aHmil
OT UX aMILIUTY/T U K COOTBETCTBYIONIUM MCKAXKEHUSIM CIIEKTPOB 3THX Kosiebanuii. Ecyin am-
IJIUTYAbl BHEIIHEH pacKadyKu HEBEJUKHU, 3TO MOXKeT IPUBOJUTH K YUIMPEHUIO pPe30HAHC-
HBIX JIUHHUI OTKIMKA KOTePEeHTHBIX KOJeO0aHU Ha BEJIUYUNHBI, 3aBUCANIAE OT aMILTUTY/IbI
packauku. Kpome T0Oro, ¢ pocToM aMILIUTY/| BHEIIHEe# PAaCKaYKi U3MePEeHUsT PE30HAHCHbBIX
KPUBBIX KOT€PEHTHBIX KOJIeOAHUN MOTYT COMTPOBOZKIATHCS HADIOJEHUEM X THCTEPE3UCOB
— T. €. 3aBUCUMOCTHU aMILTUTY/] BBIHYKJI€HHBIX KOJIebaHuil OT HAIPABICHUS ITPOXOK/ICHUS
pe30HaHCa YaCTOTON BBIHYZKIAIOIIEH CUJIDL.

JInst npaBUIBHON HHTEPIpETAIUN Pe3yIbTaTOB U3MepeHuil 3T 3(hdeKTh HYKHO JTHOO0
sIBHO Y4eCcTb B pacderax CIeKTpOB KoJieOauwuii, jinb0 BbIOMpATH aAMILIUTY/ibl PACKaAYKU
HACTOJILKO MaJIbIMH, 4TOOBI OHU HE CKa3bIBAJUCH Ha Pe3y/bTaTaX U3MepeHHuil 4acTor u
AMILTUTY/T KOTePEHTHBIX KOJIeOaHuil mydKa.

OTH 3aTpy/AHEHUs YIAeTCs OCAAOUTH HCIOJIb30BaAaHUEM HEPa3pPYIIUTEJTbHBIX METOI0B
JIMATHOCTUKH KOJeOaHUH MydKa MOHOB, KOTOPBbIE OCHOBAHBI HA M3MEPEHHUSX IIYMOB JIH-
HOJIbHBIX MOMEHTOB Iyuka. [locjie ycraHoB/ieHUS JIOCTATOYHON y/IaJJIEHHOCTU IapaMeTPOB
Iy4YKa OT I'PAHUI] 00JACTU YCTOMYMBOCTH KOI'€PEHTHBIX KOJeOaHUil u3MepeHus CIeKTPOB
U MOIITHOCTHU ITyMa TO3BOJISIOT YCTAHOBUTH 3Ha4deHue AVy HernocpeJcTBeHHO. B okoJo-
IOPOroBOil 06JIACTH ITapaMeTpPOB HHTEPIIPeTAIUs Pe3y/IbTaTOB TAKUX U3MepeHHil T0IzKHA,
YUYATBIBATH BO3MOXKHOCTb COBMECTHON peJIaKCAIlu! YaCTHUIl IyYKA U €ro IMIyMOB.
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IIpuinoxxenue A

YactHoe periienune ypapuenus (3.57)

JIJ1st BBIUUCJIEHUsI YACTHOIO PEIeHUs HeOHOPOJHOr0 ypasHenus (3.57), yi10BjerBo-
PSIFOIIEr0 TPAHUIHBIM yCa0BusAM (3.64), numrem

W (z) = A(z)wy + B(z)we, W' = A(z)w] + B(z)w), (A.1)
re wi 2(z) — TUHEHHO He3aBUCHMbIE DEIIeHHsT OHOPOIHOTrO ypasHenus (3.59):

d2w1,2 -

_—qe W12\T). .
dz? 2Q(x) 2(7) (A.2)

MbI MOKEM HOPMAJIM30BATH TaKHe PEIeHusl, BbIIuCasiss DyHKIuu Wi o(T), HAIpUMED, B
OKPECTHOCTH Ha4aJja KOOPAUHAT

Q)
0Q/0x)om0] <

B rakoii obnactu ypasaenue (A.2) 3aIUCHIBAETCS B BUJIE

r <K

d*w Q1

q
_ = —— Imz, >0, A.
" w, ¢ 0(0)’ Zm > (A.3)

a ero JINHEMHO He3aBHCHUMBIMUI peIeHuAMUA ABJIAIOTCA q)yHKL[I/II/I

wi(z) = Ve, 2VaE) , wi(z) = Vi (2v/37) (A.4)

wa(z) = VaY; QVaE) . wh(z) = VY 2Vam). (A.5)

Baech Jy(x) — byukmus Beccens, a Yy (x) — dynknus Hefimana nopsinka v (Hanpuwvep, B
cupasounnke [14]). Oupenenurens Bporckoro stux dyuxmmit wy o(x) pasen 1/m:

D =wi(x)— — —wsq(x) = o (A.6)
Cormacuo dopmynam (A.4) u (A.5) BOau3u HaUaKa KOOPIUHAT 3HAUeHUs (DYHKIMH W 2
PABHBI

w (0) = 0, w,(0) =1 (A7)
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I S L V@
wy(0) = —ﬁ, wy(x — 0) ~ - In(q ). (A.8)

[Toxcranoskoit (A.1) B (3.57) maxonnm, uro dbyukunu A(z) nu B(z) ymoBrerBopsior
ypPaBHEHUSAM

A/wl -+ B/w2 — 07
iR(z)
\/i b
A — iiR(x)wz (x) B _giR(m)wl ()
D r Dz

WNurerpupys obe 4acTu 3TUX yPaBHEHUI 110 £ ¢ TPAHUYHBIME YCJIOBUSIMHE

A'w| + B'wy = —q D = wywy — wow)}

nJjm

MoJIy daemM
A0 =5 [ d:ch(Ij;if S e dmZR(xl)\/;ill (z1),
W(z) = %/OI dxliR(xl) [wr () w2$;1:_3 — ws (z) wy (331)]. (A.10)
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IIpunaoxxkenne B

Bobraucienne w(’)

Besmmanna w(, BBIYUCISETCS MOACTAHOBKOI B hopmyay (3.58) 3nadennit dyuxmun X ()
u3 ypasHennii (3.52) — (3.57):

X (2) = iR(a) + —pesu(e). (B.1)
Mocae sToro namen

w{]:/oood:v (c\/m %)X(zl) (B.2)

—/Ooodx(lx—l—q)uf/(;)—I—/Ooodx(lx—i-q)xQ_(x)w(x) (B.3)

Bocmnosp3oBasiuck 3ech dbopmysoit (3.67), notydaem
e—l'

ih= [Tt T2 vl [T o @ o) g e)

+/Oood$ (Cx +q) ¢’ iwl (x) /OxdzzclM

Q) D Var
> e 9o v i iR(x1)wy (1)
- ) e [ an =R
gw, = /000 dz (Cx + q) Z]j/(;) — Ay + As. (B.4)
31ech . -
€= —/0 dz (Cx + q) ﬁ(x)wl(x), (B.5)
* q [T q\ e "wy (z) [T iR(xy)ws (z1)
A = o/ dx (C + ;) @) /0 da:lT, (B.6)
Y . q\ e "wy(z) [° . iR(x1)wy (z1)
S A G bl Ay B



LLO BblYHCJ/IEHUA UHTEI'PAJIOB B 9TUX BbIPAXK€HUAX HallOMHUM, YTO COIJIACHO YPaBHEHUIO

(3.59):
d?w1 o o oqe”

dz2 ~  2Q(x

dbyukuun wq(r) u wo(r) MMHEHHO 3aBUCAT OT T B aCUMITOTHYECKOH objgacTu T — 00.
Orcroa cjejyer, 4To B CUIY YPaBHEHUS

)w1,2($), (B.8)

d dw172 - e "
. (x o w1’2> = qQ(x)ng (x), (B.9)

byHkuu W] 5 — wi9(T) CrpeMATCs K IOCTOSHHBIM 3HAYEHUSM 1IPH T — 00. Takum
00pa30M, B aCHMITOTHYECKONH 00JIACTH MBI MOYKEM 3aIHCATH

w1 =ax+b, wy =cxr+d, (B.10)
rjie kKoagduruenTsr a, b, ¢, d ya0BIeTBOPSAIOT YCJIOBHIO
D = wyw)y — wowy = cax — acx + cb — ad = — (ad — be). (B.11)
Tenepsp, nuiiem

A = —% dz (Cx + q) ﬁ(xx}wl (x)/ dxy
0 0

iR(x1)wy (x1)
1

_ 7 g e @) [T )
=5 [ an R [ e e ) e @)

Hcnonb3ysa ToxKaecTBa:
* (Cr+q) e "w; (z) /OO Cd dw d*w,
_ d - de | 2= | =222 —
/7,,,1 v zQ(x) . v qdx Tar M + dx?
- C dUJl dw1 C dw1 dwl
= {q T )+ — BV T w (1) | + i)

A = % Fi (x% - wl) + %L/OOO dxlw (B.12)

q [ iR(x1)ws (z1) (T dw; dw,
— 5/0 d.’ﬂl—\/x_l (5 (xld_:['l — wl(xl)) -+ d_.1'1> .

AHajornuHbIe BHIYUC/ICHUAA HIPUBOJAAT K BbIPpazKE€HHIO

Ay = % {Ei (:E% — wz) + %} /°° dl’lw (B.13)
00 J0

q [, iR(x1)w(z1) (T dw, dws
— 5/0 dxl—\/a <5 (xld_l'l — ’LUQ(ZEl)) + d_ZE1> .

[Toacrasisia dopmymst (B.12) u (B.13) B (B.4) u ucnosn3ys

noJyJaeM



HAXO/IUM

njin

, q
Wy = 5 X
4 E x% — Wy % /OO dw, iR )Jws (@)
D |q dx dz | Jo v

nosyaaem dopmy.ty (3.68).
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